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Bepuysyin @ YpaBHeHue B noyiHeix Anddepernunanax @ JInHeitHoe 0QHO-
ponHoe nuddepeHIHaTIbHOE YpaBHEHHE 2-TO NMOPAAKA C MOCTOSHHBIMH KO-
apPpuunentamu @ JluneitHoe onHopoaHoe AnddepeHIIHaIbHOE YPaBHEHKE
n-T0 NOPsAAKA C NOCTOSHHBIMU KO3 punmneHramu

32. KOMNNEKCHDBIC UMCIA ceuuruneennsasnssssasssnnssassssasssnssssasssnnsassssasss 111

Crenenn yucsa i ® Asrebpandeckasi popmMa KOMILJIEKCHOTO 4yuc/ia @ PaseHc-
TBO KOMILJIEKCHbIX yKces1 ® KomniiexcHo conpsixkeHHoe ynciio ® Moay.ib KoM-
MJIEKCHOTO YHCJia ® APryMeHT KOMIJIEKCHOTO YHcjia ® MHOXecTBO 3HaueHH
aprymeHTa @ [leiicTBHs Hal KOMIJIEKCHBIMH YHCJIaMH B ajrebpanyeckoi ¢op-
Me @ CBOMCTBA JeHCTBUIT HAl KOMIIJIEKCHBIMH Yic.1aMH @ TpuroHoMeTpHyec-
Kas (popMa KOMIJIEKCHOTO yucna @ [leiicTBusA Hal KOMIMJIEKCHBIMH YUCJIaMU
B TpUroHoMeTprueckou (popme ® IlokazaresipbHas popma KOMITJIEKCHOIO YUCIa
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® [leiicTBUA HaJl KOMIIEKCHBIMUY YHCJIaMH B [I0Ka3aTelbHON hopMe @ Pac-
CTOSIHME MEeX/y TOYKaMH @ YpaBHeHUe MPsSMOil ® YpaBHEHHE OKPYXHOCTH
® Pa3noxxeHWe MHOTOYJIEHA Ha JIMHEeHHble MHOXHTENIH ® OCHOBHAs TeopeMa
anreOpol

33. 3neMeHTbl TeopUn
DYHKLUNHA KOMNNIEKCHON NEPEMEHHOM ...evreessresssnsssssssnsssnsess 116

OcHoBHble QYHKIMH KOMILIEKCHOU nepemeHHoit ® ['unepbonnyeckue pyHk-
nuu @ IlpousBonHas pyHKUMM KOMIJIEKCHOH nepeMeHHOH ® Bpruncnenue
uHTerpanos ® Mopmysa Heiorona-Jleitbnuia @ Teopema Koun @ HHre-
rpasibHas popmyna Ko @ Pszabl Teitsiopa @ Psaapbl Jlopana @ Ocobbie ToY-
k1 ® Knaccudukaius H30JIMpOBaHHBIX 0c00bIX TOUeK ® Buiyersl. OcHOBHAs
TeopeMa O BhlUeTax

34. SneMeHTbl TEOPUN BEPOATHOCTEM .ueeerrsensssasssssssssnssssnsssssenss 120

Yucsio coueranuit 6e3 MOBTOpPEeHNH U3 1 3JieMeHTOB 1o k& @ Yucio pasmele-
HU 6€3 OBTOPEHMIt U3 1 3JIEMEHTOB TI0 £ ® YKo nepectaHoBOK 6e3 110B-
TOPEHHI U3 7 3JIEMEHTOB 10 n ® Yucnao pa3MelieHu# ¢ NMOBTOPEHUSIMU U3
n 3jieMeHTOB 110 £ ® Dopmyna CrupinHra @ CBOICTBa onepanuii CI0KEeHUs
¥ yMHOXeHUs1 coOpiTHit @ IIpaBuiio clokeHHsT BEPOSITHOCTEH @ Y clloBHAs
BeposaTHOCTh. He3aBucumbie cobbiTust ® IIpaBuio yMHOXeHUsl BEpOSITHOC-
Teit ® Dopmysia nosiHoi BeposAaTHocTH ® Mopmyna DBaiteca. Ilepecuer Be-
posaTHocTei runortes ® Ilosropenne ucneitanuit ¢ ABymMsa ucxonamu. Dop-
Mmyjaa Bepaymnu @ Dyukuusa pacnpezeneHus caydyaidHoit BequuHHbl @ Papg
pacnpenesieHus: JIMCKPeTHOM cnydaiHoW BeJHuHHbl @ IlnoTHOCTh pacnpene-
JIEHUsI HENpPepbIBHOM CJIy4allHOM BeJMYMHbBI ® MarteMaTuyeckoe OXUIaHHe
U AUCNEPCUS JUCKPETHOM CTYYaitHOH BEJTMUMHBI ¢ n 3HaueHussMu @ MaremaTu-
YyecKoe OXKHAHUe U AUCTIEPCHS HeNpepbIBHOM ClydyaitHoH BennuuHbl @ Cpen-
Hee KBaJ[paTHYeCKoe OTKJIOHEHHEe ® brHOMHa/IbHOE pacnipeneneHue ® Pacripe-
nenenue Ilyaccona @ PaBHomepHoe pacnipezenenne @ HopmanbHoe pacnpene-
nenue ® HepaBeHctBo YebbinieBa

Yactb 2. FTpahukn DYHKUNMN......ceecereenrnnnnnnnnnsssnssnssssnsnes 127

35. Fpapukn OCHOBHDIX 3/1IEMEHTAPHLIX PYHKUNM ...ovverivnnennse. 128
36. OCHOBHbIE THUNbI NPeobpa3oBaHN rPAPUKOB ..ccccireiisesenss 130
37. l'lpeoﬁbaaosaum rpacpukos NMHENHbIX PYHKLUMNNA......ce0eeee 132
38. NMpeobpa3osaHue rpadpukosB KBaApPaTUUHDbIX PYHKUUHA ..... 142

39. NpeobpasosaHun rpacdpukos
MHOTOU/IEHOB 3-M M 4-1 CTENECHM .ecvrernesssnasassssssssssssssssrssnsss 192
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coAepXaljux pauuoHasnbHble CTENeHN U KOPHMU ....cccvevnnnans 182

42. Npeobpaszosannn rpacdmkos
NnoKa3saTesbHbIX U IOrapuPMUUECKNX QYHKUNMN ...ccceneennees 192

43. Npeobpasosanna rpacdnxkos

TPUrOHOMETPUUECCKNUX PYHKUNM...coceieeersnnsssnnasssssasssssssssanss 202
44. N'papmkm pasnnuHbIX KOMOMHaAUMA

3NEMEHTAPHDBIX PYHKUNMN ...cceerrnrennnnnsnsnnnns ——— & T
45. U306parkeHns HeABHO 3aAaHHbIX 3aBUCUMOCTEH,

coaepMALNX 3HAK MOAY/IA tevecessnsassnsesssanssssssasasssssssssssssasss 217
46. N306paxeHnn 3aBUCUMOCTEH,

3a1aHHDBIX NAPAMETPUUECKM. . ruueureerassasnsansanssssssasssassssasannnns 222
47. N306parxkeHns 3aBUCUMOCTEH,

3aflaHHbIX B NONAPHBIX KOOPANHATAX weeessassasssasssnnses — 1 |
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HekoTopble 0603HaueHns

O N — MHOXeCTBO HaTypaJIbHbIX YHCeJI

Q Z — MHO>eCTBO LeJIbIX YHCe

0 Q — MHOXeCTBO palMOHAJIbHBIX YUCEJI

0O R — MHOXeCTBO JeHCTBUTEIbHBIX YHUCE

0 C — MHOXeCTBO KOMITJIEKCHBIX YHCe

Q 9 — nycToe MHOXeCTBO

QO xe R — x npuHaanexut MHOXecTBy R

0 x ¢ R — x He npuHaaiexuT MHOXecTBy R

Q AU B — o6benunene MHOXeCTB A U B

QO AN B — nepeceyeHrie MHOXecTB A u B

Qa=b — a paBHo b

Qa#b — a He paBHO b

Qa>b; a2b — a 6onbuie b; a 6oabi1Ie UIH paBHO b
Qa<b, a<b — a menbwe b; a MeHbLIe UK PaBHO b
O a=b — a TOXAECTBEHHO PaBHO b

O a=b — a npubauxKeHHO paBHO b

Q (a;b) — uHTepBaJ (OTKPBITHIII NPOMEXYTOK), @ < X < b
Q [a;b); (a;b] — nonyuHTeppajibl, a<x<b,a<x<b
Q [a;b] — oTpesok (3aMKHYTbIif TPOMEXYTOK), a < X < b

Q (a;+); [a;+0); (—oo;b); (—oo;b] — umcnoBbie TyuH,
A< X<+, aS<X<+0, —o<xXx<h, —0o<x<b

Q (—o0;+00) — YHUCJIOBAA NMPsIMas, —° < X < +o0
Q U(xy) — OKPeCTHOCTb TOYKHU X, TO €CTb M0G0l uHTepBa (a; b), TaKoit,
40 X, € (a;b)

Q U(xy) — mpokoJIoTast OKPECTHOCTb TOYKH X, TO €CTb 060t HHTEpBA
(a;b), Takoii, uto ¥, € (a;b); x # x,
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Q Vx — moboe 3Hauenune x; ist Mo6OT0 3HaYEHHSA X
Q 3¢ — cywmecTByeT 3HaueHHe €

0O A= B — u3 A caenyet B (ecnu BbINoJHEHO A, To BoinosHeHo B; A — no-
CTaTo4Hoe ycioBue aas B, B — neo6xoaumoe ycioBue 1s1 A)

0 A< B —u3Acnenyet B n ogHoBpemenHo u3 B caenyet A (A — Heobxo-
AMMOE H ZIOCTaTOYHOe ycIoBHe A1 B; A n B paBHOCHIIbHBI)

Q fi =g © f, = 8§ — ypaBHeHus paBHOCHJIbHBI (9KBUBAJIEHTHBI)

Q f, > g < f, > g, — HepaBeHCTBa PaBHOCUJIbHBI (3KBHBAJIEHTHBI)

0 {f1=g1, {f1 > 84

— CHUCTEMA ypaBHEHMI1; HEpaBEHCTB

=8 |fr>8&
= >
Q [fl & : [fl & _ COBOKYITHOCTb YpaBHEHHi; HEPABEHCTB
L=8& |£>8

o ;(x;y); ;(x; Y, 2) — paamyc-BeKTOp OM Touxu M (x; y) Ha mio-
CcKOCTH; ToukH M (%; ¥; z) B mpocTpaHCTBe

O det A — netepMUHaHT (OIlpenenTeNb) MAaTPHLIbI A



Hacrtb 1. PopMynbl







1. ®OopMyJibl COKpaLLEeHHOro
YMHOXXeHMUA U Apyrue ToxaecrTsa (7 € N)

(1.1) @* - b* =(a-b)(a + b) — pasHocTs KBaZPaTOB
(1.2) (a-b)* = a® - 2ab + b* — kBagpar pazHocTH
(1.3) (a +b)? = a® + 2ab + b* — xBagpaT cymmbl
(1.4) @® + b* =(a+b)’ - 2ab

(1.5) (a+b+c) =a

24+ 0% +c? +2(ab + bc + ca)
(16) a® -b% = =(a- b)(az+ab+b2) — pa3HOCTb KyOOB
(1.7) @ + b* = (a + b)(a® - ab+ b*) — cymma xyGos
(1.8) (a-b)® = a® - 3a%b + 3ab® - b* — xy6 pasnoctu
(1.9) (a +b)® = a® + 3a%b + 3ab® + b> — ky6 cymmsI
(1.10) @® + b° = (a+ b)’ - 3ab(a + b)

(1.11) a* - b* =(a—b)(a+b)(02+b2)

(1.12) a* - b* = (a-b)(a’ + a*b + ab® + b°)

(1.13) (a - b)* =a* - 4a°b + 6a%b?* - 4ab® + b*

(1.14) (a + b)* =a® + 4a’b + 6a°b* + 4ab’ + b°
(1.15) a* +b* = (a+b)' —4(a+b)’ ab+ 24’
(1.16) a* +b* =(a® —2ab + b*)(a® + V2ab + b7
(117) a* +a’0* +b* =(a® - ab+b*)(a* + ab + b?)
(1.18) @’ - b° = (a- b)(a +a3b+azb2+ab3+b‘i)
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(1.19) @’ + b’ = (a+ b)(a4 —a’b+a’b® - ab® + b4)

(1.20) @" -b" = (a- b)(a*""“1 +a" 2b+a" b + .. +ab"? + b”"l)
(121) @ =" =(a+b)(a*" - @b +...+ ab™* - """
(1.22) @®™*' + p*"*! = (a+b) (az" -+ —ab® 4 b2”)

(1.23) ®opmysa 6uHoma HeioToHa: (a + b)lrI = 2 C,’:a"‘kb"* =
k=0
n(n—l)-...-(n—k+1)

a ket + . 4+ b"
1.2...-k

n -
=a”+Ta” b+ +

2. DoOpMynbl pa3noxxeHus
MHOIO4YJ1IEHOB HA MHOXXUTENN

0O Pa3noxeHns Ha MHOXKHUTEIH HEKOTOPbIX MHOTOYJIEHOB 2-#, 3-i u 4-#
CTENEeHH

(2.1) x? +2ax + a* = (x t @)’

(2.2) ¥* - (a+b)x +ab=(x-a)(x-b)
(2.3) 22 +3ax? + 3a*x ta® = (x t a)®
(2.4) vrad=(xt a)(:c2 Fax+a’)

(2.5) 2 +(a + p)x* -}-(1:1;)+qr)x+aq=(J|r+a)(3r2 +px+q);
pt-4g<0

(2.6) x° - (a+2b)x? + (2ab+b2)x—ab2 = (x - a)(x - b)’

(2.7) x* = (a+b+c)x* + (ab+ bc + ca)x — abc = (x — a)(x — b)(x —¢)

(2.8) x3+.r—a3—a=(x—a)(x2+ax+az+1)

(29) x3+x2+x—a3—az—a=(x—a)[x2+(a+1)x+c12+a+1]

(2.10) 2* - o =(x—4:1)(:r+::1)(;1¢2 +a2)

(2.11) 2" - (a® + b7 ) 2® +a®b* = (x - a)(x + a)(x - b)(x +b)

(2.12) x* +(a2 +b2)x2 + a’b* =( 2 +¢22)(J¢':a +b2)



2. ®OpMyNbl Pa3NOKEHNSI MHOTOUNEHOB HA MHOXMTENM 19
(2.13) ' +a*x?* +a' = (x2 —ax + a2)(x2 +ax +a2)
(2.14) x* +a* = (.mc2 ~V2ax + az)(x2 +2ax + a2)
(215) x* +22° + 32 4 2x + 1= (P 4 x+1)

0 Cxema l'oprepa neneHnss MHOrowleHa Ha ABYWIEH

(2.16) B _ Qp-1 (%) + R JleJIeHre C OCTATKOM;
x—c x-c

P(x)=ayx" +ax" " +a,x" % + .. +a,_x+a,;
Q,-1(x) = li'oxﬂ-l + b1x"‘“2 +hx"3 4.+ b, _x+b, ;

by = ay; by = ay +cby; by = ay +chy;..; b, =G,y + b, y;
R=a, +cb,_; P, (x)=(x-¢)Q,1(x)+ R, R=P,(c)
(Teopema bBesy)

(247) P.(c) =0 < 122
X—cC

P,(x)=(x-c)Q,_((x)

Q Teopema o noadope KopHell MHOrowIeHa ¢ IeJIOYMCIEHHBIMH K03 du-
IIHEHTaMH

(2.18) Eciu MHorouseH
P (x)=x" +ax"" + a,x" % + .. +a, x +a,; a, € Z Vk umeer 1e-
JIble KOPHH, TO OHM HAXOJISITCSA CPEU AeUTe el cCBOGOTHOTIO WieHa a,,

=Q,_;(x) — nenenue 6e3 ocTaTka;

O PaanoxeHne MHOro'wieHa n-ii cCTeneH: Ha MpocTeiiiHe MHOKHTEIH
(2.19) Cayvaii n pa3JIMYHBIX AEHCTBUTENbHBIX KOPHEH:

P(x)=ayx" +ax" ' +ax"* +..+a, x+a, =
=gy (x-x)(x - 25)...(x - x,)
(2.20) Cnyyaii [ neiicTBuTENbHBIX KOPHEH KDAaTHOCTH &

P(x)=apx" +ax" ! +ax"* +..+a, ;x+a, =

= a, (x—xl)k‘ (x—x,)k’ (x2 +p1x+q1)m' (x2 +psx+qs)m’;
pi -4q; <0Vi
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3. flencrBuna c apobamu

(3.1)%i§=£‘;—ici€-°—b; b, d #0 — cioxeHHe U BLIYHTaHHE
(3.2)%%:“:"; b0

a c a-dxc-b
33 + = ; bde#0
G e T bde ¢
(3.4)%-§=-§;§-; b, d # 0 — ymHOXeHuUe
(3.5)%:%=%ﬁ; b, c,d #0 — nenenue

.C

a

b_ad
(3.6)E o bcd#0

d
(3.7)%=%; b, c # 0 — coxpaieHue

a a a-c
(3.8) 3 6=C 3= b # 0 — yMHOXXeHHe ApOOY Ha YMCIIO M YMCJIa Ha

Apobb

a a a
39) —=—=-—; b=z0
(3.9) 273
(3.10)-:4:c=bi, b, ¢ # 0 — nenexnue ApobH HA YHUCIIO

-C

ud

(311)—=_f_; b,c#0
b-c

(3.12) ¢ %=C—:-; a, b# 0 — neneHue yuciaa Ha 1podb
(313) £=52; 4b20



4. CpeaHve BennuunHbl. NMponopuuny. NpoueHTs 21

(3.14) —==; a,b=0

1_b.
z a
4. CpeaHune Be/IMYMHDI.
NMponopuun. NpoLueHTbl

O Cpeanue Be IMYHHDI
a+a,+az+..+a,

(4.1) Cpeanee apudpmeTnyeckoe n yucems: m, = "

(4.2) Cpennee reomeTpuiecKoe n YuCel: My, \/al a,-az-..-a,

| n
(4.3) CpenHee rapMOHHYECKOE 7 YHCET: My, = — 1
— ettt —
4 a a a,

(4.4) HepaBeHcTBo 11 cpeiHMX BeJM4MH: ecnu a; > 0 Vi, 10
m,2m, 2m,

g
Q IIponopuuu
(4. 5) = E & ad = bc — ocHOBHOE CBOHCTBO MPOMOPLUH
a ¢ a b b d ¢ d
4.6 —_——=— _—= — I — — T —
(46) b d e c d a ¢ a b

HaxoxzaeHue HeM3BECTHBIX YJIE€HOB nponopmauu:

X C
(48)E §®x=-a—d,
X C
a x ad
W y=ge =%
(410) 2=C o x= 2
b «x a
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IIpou3BoaHBIE NPONOPUHH:

(4.11)%:5@“?:“3‘1
(4.12)%:5:»“2”:“?‘1
a ¢ a+b c+d
(4'13)3-E@a—b“c—d
a ¢ a a+c ¢
(414) 2= o8_92%C_C
b d b b+d d
Q IIpouentsi

(4.15) -2 =0,01a — 1 % ot uncnaa
100

(4.16) %*x =0,0lax — x % oT uncraa

(4.17) % =X ox= 109a _ @ COCTABJAET X % OT b

100 b

5. Moaynb (abconoTHan BeNIMUMHA)

a, ecmu a=0
(5.1)| al= {—a, comn q<( — CTIPEACTEHHE MOAYIIS YHCAA
o ol =[S0, S0
(5.3) |alz0
(5.4) |a|l=0=2a=0
(5.5 |alza
(5.6) |a|=-a
(5.7) | -a|=|a]

(5.8) |a+b|<|al+]|b| (Monyns cymMbl He Gosiblie CyMMBI MOJLyJIel)
(59) |a+b|=|al+|b|l=a-b20



6. Ctenenu u KopHu. Nlorapudme 23

(5.10) |a-b|=| a| - | b| (Momy1b pasHOCTH He MeHbILIE PA3HOCTH MOZY.JIEi)
(5.11) | @* |=| a = @?
(5.12) |a-b|=|a|-|b|

5.13) % =12l 20
1 1
5.14) |-{=—; b#0

a=>b

(5.15) |a|=|b|@a=ib@|:
a=-b

a=0

(5.16) |a|+|b|=0®a=b=0@{b_0

6. CteneHn 1 KOpHM.
Jlorapu®Mbl (nicN; a,b,c % yeR)

0O CreneHu ¢ HaTypaJibHbIM, 11€JIbIM M PallHOHABHBIM NOKa3aTeneM. Apudg-
MeTHYEeCKHi KOpeHb

(6.1) a" =a-a-...-a (n MHOXMTENEH, n > 1)
(62) a' =a
(63)a’=1,a=0

(6.4) a™" =—!;;a¢0
a

(6.5) a™! =1;a¢0
a

(66) Ya=bob"=a;b20 — apudmeTnyeckuit KOpeHb

(6.7) Y0 =0

(6.8) a*/" = Qfa_” ;a>0; ke Z — creneHb ¢ paliHOHAbHBIM I0Ka3aTeJIeM
(69) a'/" =%a

(6.10) Xa®" =|a|
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(6.11) Va? =| a|
(6.12) Y- = -?"Ya;a20
(6.13) 2Ya?1 = ¢
6.14) Ya® =a
0O CeoiicTea apudmeTHyeckux KopHeii (a, b= 0; ¢ > 0)
(6.15) Ya-b=%a-%b

(616)ﬂ£--—‘/—_—

e
(6.17) (Ya )k = ¥qt
(6.18) 4tz =
(6.19) %a = *Ya*
O CsoiicrBa crenenu ¢ AeACTBHTENbHBIM NI0Ka3aTeIeM
(a,b>0)
(6.20) a* -a¥ =a**¥

(6.21) "— a*V
a

(6.22) (ab)"
a a*
(6.23) Z) =

(6. 24) ) =a*¥
Q CsoiicTBa JorapudmMoB (a, b>0;, a, b1, x,y> 0)
(6.25) a'%®:* = x — ocHOBHOe JorapupMHuYecKoe TOXKAECTBO
(6.26) log,a =1
(6.27) log,1=0
(6.28) log, (xy) =log, x +log, y



7. Nporpeccum

(6.29) log, {f
y

(6.30) logp (x*) = % log, x;B#0

J=logax-1ogay

(631) log, x = B %
logb a

1
08 a

(6:32) log, b=

(6.33) @'®C =9 g b c>0; b#1
(6.34) log,, x=lg x; log, x=Inx; e=2,71828

7. Mporpeccun

Q Apudmernieckas nporpeccus (ne N)
(71) a,, =a,+d
(72) a, =a; +(n-1)d
Qg+ Qpyy
2

(74) S,=a,+ay+...+a, =

(73) a, = n=2

(a +a,)n
2
[2&1 (n- 1)d]n
2

(7.5) S, =
n(n+1)

2
(7.7) (1+2+3+..+n) = 1+23+33+ A

(78) 1+3+45+..+(2n-1)=n
(79) 2+4+6+..+2n=n(n+1)

(76)1+2+3+...+n=
(n+1)

0 leomerpuyeckas nporpeccusi (n€ N; b # 0; g # 0)
(7.10) b,y =b, - q

(7.11) b, = b, - g™
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(712) b2 =b, , -b,,;n>2
b(1-4")

(713) S, =b +b, +..+b, = rq#1

(7.14) S, =nb;;q =1

(7.15) S=lim S, = 1i; Prs
n—oo -q

8. Pewuenme ypaBHEeHUM

0O PauuoHanbHble ypaBHECHHSA

B1) axr+b=0,a%0 & x=-2
a

82)ax+b=0,a=0,b=0 xeR
83)ax+b=0,a=0,b20 O

-b+D

(8.4)ax2+bx+c=0,a¢O,D=b2_4ac>()@ x1'2= 5
a

8.5) ax2+bx+c=0,a¢0,D=b2—4ac=0¢px=_i
2
a

(86) ax’ +bx+¢c=0,a#0,D=b* —4ac<0 & &
QO YpaBHeHusl, coaep kKaiime 3HaK MOAY A

87 |x|=a,a>0 = x,=a,x,=-a

88)|x|=a,a=0 x=0

B89) |x|=a,a<0 = 2

g(x)20
(8.10) | f(x)|=g(x) [f(x) = g(x)
f(x) =-g(x)

0O HppaunonaibHblie ypaBHEHUS
(8.11) Jr=aa20 x=d°
812) Vxr =g a<0
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(8.13) Yr=aexr=d°
(8.14) JT(x) = g(x) & [g(x) =9

f(x)=g"()
Q Ioka3aTtebHbIE YpAaBHEHUS
8.15) a" =ba>0,a#1,b>0= x=log, b
(816) a* =b,a>0,a#1,b<0 =3
(8.17) /™ =b8; 05> 0, a, b1
& f(x)log.a=g(x)log, b c>0,c#1

0 Jlorapu¢MuyeckHe ypaBHeHHA

(8.18) log, x=b,a>0,a21e x=a’

f(x)>0

(8.19) log, f(x) = log, g(x).a>0,a# 1 {ﬂx) = g(x)

O TpuroHoMeTpHYECKHE YPABHEHHUS
(8.20) sinx=qa,|al<1e x=(-1)"arcsina + n, ne Z

(821) sinx=0= x=nn,ne Z

(8.22) sinx=—1ﬁx=—g+21m,ne Z

(8.23) sinx=1®x=§+2m,neZ]

(8.24) sinx = q,

(8.25) cosx=a,|a|<1¢ x=tarccosa +2nn,ne Z

a>1 3

(8.26) cosx=0ﬁx=g+rm,nez

827) cosx=-1 x=n+2nn,ne Z
(828) cosx=1o x=2nn,ne Z

(829) cosx=a,|al>1e

(830) tgxr=a< x=arctga+nn,ne Z
B3 tgx=0=x=nnne

27
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(832) tgx=-1¢& x=-—%+1m,ne Z

(833) tgx =1 x=§+1m, neZ
(834) ctgx=a & x= arcctga + mn,ne Z

(8.35) ctgx=0=»x=g+ﬂ:n,nez
(8.36) ctgx=—1c>x=%+1m,nez

(8.37) ctgx=1=rx=g—+ﬂn,neZ

9. PelueHne HepaBeHCTB
[ f(x)>0
| f(x)=0

f(x) <0
f(x)=0

QO PauuoHaJIbHble HEPABEHCTBA

9.1) f(x)20 &

9.2) f(x)<0 =

93) ax+b>0,a>0 x>-2
a

(94) ax+b>0,a<0@x<_2
a

9.5) ar+b<0,a>0e xr<-2
a

(9.6) a.x+b<0,a<0ﬁx>—-z—

<
9.7 a(x-x)(x-x,)>0, a>0,x <x, & [x *
x> X
98) a(x-x ) ) (x-x,)<0, a>0,x, <x & x <x<Xxy
X < Xy

(9.9) a(x - x))* >0, a>0@[
x> x
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(9.10) a(x - x,)* <0, a>0= @
9.11) ax? +bx+¢c>0,a>0,D=b* -4ac<0 = xe R
(9.12) ax® +bx+¢<0,a>0,D=b* -4ac<0 = @

Q HepagencrBa, coaepKamue 3nak Moy

(9.13) |x|<a,a>0= -a<x<a
(9.14) |x|<a,a<0= 0
x<-a

(9.15) |x|>a,020=>[
x>a

(9.16) | x|>a,a<0= xeR

f(x) < g(x)

(mnLmnkaﬂ@‘ﬂ“<ﬂ“<ﬂ”‘4ﬂ@>ﬂu)

f(x)>g(x)
f(x) < -g(x)

O HppaunoHaibHble HEPpaBEHCTBA
(9.19) x/;>a, a0 x>a
(9.20) Vx >a, a<0& x20
921) Jx<a a>0=0<x<a’
(9.22) Jx <a, a<0=Q
(9.23) Yx>aex>d’

9.24) Yr<a e x<d®

(9.18) | f(x) |> g(x) & [

f(x)=20
(9.25) Jf(x) < g(x) & {g(x) >0
f(x)< g (x)
[ g(x)=0
{ﬂm>fw)

(9.26) JF(@) > g(x) &

{g(x) <0
| f(2)20
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Q Iloka3aTe/ibHble HEPaBEHCTBA
(927) a* >b, 0<a<l, b>0= x<log, b
(9.28) a* > b, 0<a<l, b<0= xeR
(929) a* >b, a>1, b>0= x>log, b
(9.30) a* >b, a>1, b<0e xeR
(9.31) @a* <b, 0<a<l, b>0& x>log, b
(9.32) a* <b, 0<a<1, b0 O
(9.33) a* <b, a>1, b>0= x<log, b
(9.34) a* <b, a>1, b0 D

Q JlorapudpMuuecKHe HepaBeHCTBA

(9.35) log, x>b, 0<a<le0<x<a®

(9.36) log, x > b, a>1e x>ad"

(9.37) log, x < b, O<a<lo x>ab

(9.38) log, x<b, a>1 e 0<x<a’

f(x)>0
(9.39) log, f(x)>log, g(x), 0<a<ile {g(x)>0
f(x) < g(x)
f(x)>0
(9.40) log, f(x)>log, g(x), a>1e {g(x)>0
J(x)> g(x)

Q Tpuronomerpuyeckne HepaBeHcTBa (n € Z )
(9.41) sinx<aq, |a|<1 & -m-arcsina + 2nn < x < arcsina + 2an
(9.42) sinx<a, as-10

(9.43) sinx<1@x;&§+21m

(9.44) sinx<a, a>1e xeR

(9.45) sinx >a, |a| <1« arcsina + 2nn < x < w - arcsina + 2nn
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(9.46) sinx>—1@x$—g+2nn

(947) sinx>a, a<-1xeR

(9.48) sinx>a, a21 0

(9.49) cosx < a, |a| <1< arccosa + 2mn < x < 27 - arccosa + 27n
(9.50) cosx<a, a<-1J

(9.51) cosx <1 x # 2nn

(9.52) cosx<a, a>1e xeR

(9.53) cosx > a,

(9.54) cosx>-1 x#n+2nn

a| <1 & —arccosa + 2nn < x < arccosa + 2nn

(9.55) cosx>a, a<-1=xeR
(9.56) cosx>a, a21e QD

(9.57) tgx<a e —g+nn<x< arctga + nn

(9.58) tgx>a ﬁarctga+nn<x<%+mz

(9.59) ctgx<a & arcctga+ < x<m+mn
(9.60) ctgx >a & nn < x <arcctga + nn

10. TpuroHoMeTpuyeckue bopmyJibl

IIpu ucnonbaoBaHun GopmyJ, coaepiKallkix TaHT€HChl U KOTAHT€HCBI, He-
06xoauMo yuuThIBaTh BuA obJacTeil onpeesieHus J€BOH H IpaBoii yacTeit

GopMybI

Q OcHoBHbIE TOXKAECCTBa

(10.1) sin® o + cos’ =1 — ocHOBHOE TPUTOHOMETPUYECKOE TOXKIAECTBO

(102) tgo = 20
cosx

1 _cosa
tga sina

(10.3) ctga =
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(10.4) 1+tg’ o =

COS2 o

(10.5) 1+ ctg’ o =

sin® o

O CpoiicTBa 4€THOCTH H HEYETHOCTH
(10.6) sin(-a) = —-sina
(10.7) cos(—a) = cosa.
(10.8) tg(-a) =-tga
(10.9) ctg(-o) = -ctga

O @opMmyJibl CI0XKEHHS
(10.10) sin(at £ B) =sinacosP + cosasin
(10.11) cos(o £ B) = cosacosP F sinasin B

tgattgp
10.12) tg(a £ B) =
(10.12) tg(a£B) =20

0O dopmyJibl KPaTHIX YTJIOB

(10.13) sin20 = 2sinocos o

20 =2cos® o —1

(10.14) cos2a = cos’ o - sin
2tgo
1-tg’a

(10.16) sin 30 = 3sin o — 4sin® a

(10.15) tg2o =

(10.17) cos 3o = 4 cos® o — 3cos

3tgo—-tg’ o
1—3tg2a

(10.18) tg 3o =

0 dopMyJibl MOJOBHHHBIX YIJIOB

(10.19) 2sin? (%] =1-cosa — opmMya NOHUXKEHUSA CTENIEHH

(10.20) 2 cos? (%) =1+ cosa — ¢opMysa NOHUKEHUS CTeNIEHH
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(10.21) tg o) __sina =1—.cosa
2 1+ cosa sin o

QO @opMyabl npeodpa3oBaHKMA CYMMbI B IIPOH3BEICHIE

(10.22) sino + sinB = 2sin 2B cos 2FP

2
(10.23) cosa +cos[3=2cosa; Bt:os a;B
(10.24) cosa — cosP = —-2sin OH-Bsinm;ﬁ
sin(o £ B)

(10.25) tga t tgP =

coso.cosf
0 @opMyJibl Npeodpa3oBaHUA NPOU3BEIACHUSA B CYMMY

(10.26) sinasinf = % [cos(a — B) — cos(a + )]
(10.27) cosocosP = %[cos(a - B) + cos(a + B)]
(10.28) sinacosfP = %[sin(o: - B) +sin(a + B)]

Q Bmpamenne q)y}ll(l.l,l‘lifl Yyepe3 TAHTEHC IMTOJIOBHHHOIO yrJja

2tg(—g~]
(10.29) sina =

(o)
1+tg?| =

1-tg

(10.30) cosa =
1+ tg?

2tg(l;]
(10.31) tga =
1—tg2[gJ

2

33
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Q @opMyibl NpUBEAEHHS
(10.32) sin(g * aJ = cos oL
(10.33) sin(tt o) = Fsina
(10.34) sin(%’tt + aJ = —Cos O
(10.35) sin(2nx o) = xsina
(10.36) cos[g- + or.)= Tsino
(10.37) cos(mt ) = —cosa
(10.38) cos[?’—;— + oc) =+sina
(10.39) cos(2n+ o) = cosa
(10.40) tg(g + aJ =Fctgo
(10.41) tg(nt o) =t tga
(10.42) tg(%ﬂ t a] =Fctgo
(10.43) tg(2nt o) =ttga

0 OOpatHblie TpUroHOMeTpHYEcKHEe PYHKIHH

(10.44) —g <arcsing < g, sin(arcsina) = a, |a|<1

(10.45) arcsin(sinx) = x, - -;—r- <x< g

(10.46) 0 < arccosa <, cos(arccosa) =a, |a|<1

(10.47) arccos(cosx) =x, 0<x<n
(10.48) *-g <arctga < g- tg(arctga) =a
(10.49) arctg(tgx) = x, - g <x<Z

2
(10.50) O < arcctga < m, ctg(arcctga) =a
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(10.51) arcctg(ctgr) = x, O<x<m
(10.52) arcsina +arcsin(-a) =0, |a| <1
(10.53) arccosa + arccos(-a) =m, |a| <1
(10.54) arctga + arctg(-a) =0

(10.55) arcctga + arcctg(—a) =7

(10.56) arcsina + arccosa = —123 al <1

(10.57) arctga + arcctga = g

O ono/HUTE/IbHbIE TOXK/IEeCTBA
(10.58) sin® & - sin® B = sin(a + B)sin(c - B)
(10.59) cos® o — cos® B = sin(a + B) sin(P - o)
(10.60) cos® a —sin’® B = cos(a + B) cos(a. — B)

(10.61) sina £ cosa = ﬁsin[o& + g]

]

(10.62) (sina + cosa)” =1+sin2c

]

+(sino - coso&)2 =2

)
(10.63) (sina + cos )
)2

(10.64) (sino + cosa

(10.65) sin® o * cos® a = (sino+cosa)(1Fsinacosa)

—(sina - cos a)2 = 2sin 20

(10.66) (sina * cos a)3 = (sina + cosa) (1 sin 2at)
(10.67) cos* o —sin* o = cos 20

(10.68) sin® o + cos® & =1 - 2sin? o.cos®

Q CBa3b pasiMaHHO M rpafyCHOM Mephl yrJa
(10.69) 360° = 2n panuana ~ 6,2832 paauaHa

(10.70) 1° = 3%0 paauana =~ 0,0175 paauana

o

~ 57,2958’

6
(10.71) 1 panuan = 360
27
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O Ta6amua 3Havenuii TpuronomeTpuueckux Gpynkuui (10.72)

o o«  sina, | cosa | tga | ctgo
00 0 | 0 1 ‘ 0 -
. no 1 V3 | 43 V3
30 | — -~
6 | 2 2 3
450 E __J_E_ Q 1 1
4 5 2
o T V3 1 V3
60 3 . 2 2 V3 3
o o
90 5 | | 0 0
180° n o 0 -1 0 -
270° o -1 0 - 0
2
360° om 0 1 0 -

11. Tunosbie cnocobbl
3aMeHbl NepeMeHHOM

(11.1) x+ p=y= 22 +2px + p> = (x + p)? = ¢
(11.2) x+p=y=>x2+2px+q=y2+q-p2

(11.3) x+2i=y;a¢0=>ax2+bx+c=
a

=a x+—£3-2-— —b—2+£ =a 2 b -dac
2a 2a a d 4a*

(114) Yx =g 2202 x =% Vx = 4%, Yx =4?

(11.5) x+1=y;x¢0=>x2+i2=y2—2;x3+i3=y3-3y
X X y X
(1168) x+y=urwy=v=>2"+y’ =’ - 20> +y° =4 - 3w
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(MDD x+y+z=uy+yz+zx=0, Yyz=w=>

2 = 4?20, x3+y3+z3=u3—3uv+3w

2

=2 +y’ +2

2x=¢% cosPxr=1-t
.9 t? ) 1
(11.9) tgx=t;cosx #0=sin” x = ., COs“ x =

14¢2 1+¢2

(11.10) c052x=t=>sin2x=%’ o o Lt

(11.8) sinx =t = sin

2
t? -1
(11.11) sinxtcosx =t =sinx-cosx == >
(11.12) tg X =t;cos X # 0= sinx = cosx o 2L
' 2 2 1+¢% 1+¢2

12. DopMyibl reOMEeTpUM

Q Tpeyroabuuku (a, b, c — CTOpoHBI; O, B, Y — YIJIbI, IPOTHBOJIEXKALI[HE
CTOpPOHaM a, b; ¢; h — BBICOTA, NIpOBeZleHHasi K OCHOBaHMIO @; R — paauyc
OINUCaHHOI OKPY>KHOCTU 7 — paguycC BIIMCAHHON OKPY>XKHOCTH )

(12.1) CyMMa BHYTpeHHHUX YTJIOB TpeyrojbHuKa: o + 3 +y = 180°
(12.2) CooTHomeHue Mexay cTOpoHamMH (HEpaBEHCTBO TPeYroJIbHHUKA):
a+b>cb+c>a c+a>b

a+b+c

(12.3) Tepumetp u nonynepumerp: P=a+b+c; p= 5

0O Bblync/ieHue IIOIAAH TPEYTOAbHHKA
(124) §= -zl—ah = —;—absiny

(12.5) S=i—%=p-r

(126) S = Jp(p -a)(p-b)(p-c) — dopmyna I'epona
a’\3
4

(12.7) Inomaas paBHOCTOPOHHETO TPEYTOILHUKA CO CTOPOHOM @: S =

(12.8) ILnowmaapb npsAMOYTOJILHOTO TPEYTOJbHHKA C KaTeTaMu @, b: § = %ab
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0O Teopema Iludaropa

(12.9) B npsiMOyroJsHOM TpeyrojibHuKe KBaJlpaT FTHNOTEHY3bl PaBEH CyM-
Me KBa/JpaToB KaTeToB: ¢> = a’ + b’

0O Teopema cuHYCOB

(12.10) CtopoHnbl TpeyroJbHHKa NpONOPLHOHATIbHBI CHHYCaM IIPOTHBO-

a b c
Jie3KalKX YrJIoB: = =

sina  sinf siny

0O TeopeMa KOCHHYCOB

(12.11) KBazpaT cTOopOHBI TPeyroJbHMKa paBeH CyMMe KBaJIpaTOB ABYX
APYTHX CTOPOH 0e3 yABOEHHOro Npou3BeJeHUs1 ITUX CTOPOH Ha
KOCHHYC yIJIa MeXay HuMu: ¢ = a* + b® — 2abcosy
0 YerbipexyroabHuku (d,, d, — nuaronany; o, f,Y,8 — yrasr @ — yrox
MEXY AHaroHaisMu; i — BbICOTa, IPOBeIcHHasl K OCHOBaHMIO @; R — pa-
AUYC ONKUCaHHOM OKPYXHOCTH; 7 — pPaZiiyCc BMUCAHHON OKPY>KHOCTH ).

(12.12) CyMMa BHYTPEHHHUX YIJIOB BBIMYKJOTrO YeThIPeXyroJIbHUKA:
o+B+y+8=2360°

O BoruncaeHne mionmiaay YeToipexyroibHHKa

(12.13) IInoiwaab BHIMYKJIOro Ye€THIPEXYroJbHHKA: § = %dla'2 sin @

(12.14) ITnomwaznp napasienaorpamMma (@ u b — CTOPOHBI; 0L — YTOJI MEXAY
cTpoHaMH): § = ah = absin o

(12.15) ITnomaas pomba (@ — CTOpOHa; 0L — YroJ MeXAY CTPOHAMH )
S=ah=a*sina= %d,dz

(12.16) ILnomaab npsAMOyroJibHHKa co cTopoHaMH a u b: S = ab

(12.17) Ilnowazns KBaapaTa co CTOPOHOl a: S = a*

a+b

- h
2

(12.18) Ilnowaas Tpaneiuu ¢ ocHoBaHussMu au b: § =

0O OkpyKHOCTb ¥ KpYT (R — pazuyc oKpy>XHOCTH, Kpyra)
(12.19) Anuna oxpyxxnoctu: L = 2nR

(12.20) /InvHa Ayrv OKPY>KHOCTH C IIEHTPAJIbHBIM YIAOM O (B rpaaycax)

o’
. L=nR--*_=R.
uau P (B paananax) T 180° B
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(12.21) Mnomanp kpyra: S = nR?
(12.22) I1nowmaxnb ceKTOpa Kpyra ¢ HeHTPAJIBHBIM YIJIoM 0 (B rpajfycax)

9 O° 1 9
win B (B pagnanax). S=nR"-——==-RB
P ) 360° 2
Q Boiuncienne 06beMOB H IUIONIA/IeH OBEPXHOCTH (S, — M1oanb oc-

HoBaHusA, H — BbicoTa):

(12.23) O6bem npuamsr: V =S5 . H

(12.24) O6beM kpyrosoro nuaunzapa (R — paiuyc OCHOBaHHUS ):
V=5_.H=nRH

(12.25) Iyiowaab 60KoBOIT MOBEPXHOCTH KPyroBoro nuiauHapa (R — pa-
AMYC OCHOBaHUA): Sp,, = 2nRH

(12.26) O6bem kpyroBoro koHyca (R — panuyc OCHOBaHHUS ).
V= 15&-" H=1wr?H
3 7 3

(12.27) ILnowaas 60k0BOI MOBEPXHOCTH KpYroBoro KoHyca (L — obpasyio-
1ast Konyca): S, = nRL

(12.28) O6bem nupamuzbl: V = %SOCH_H

(12.29) O6vem 1apa paauyca R: V = %nRS

(12.30) Inowans noBepxuocTy ceps paauyca R: S = 47R”

13. BekTOpbl

OCHOBHbIE NOHATUSA U JINHEHble onepauun

O I[IpsaMoyrosbHbie U NOJSIPHbIE KOOPAHHATHI TOYKH HA MJIOCKOCTH
X =1C0S
(13.1) , (p; 0L<r<+<;0<@<2T UM -T< QLT
y=rsinQ
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O IlpsiMoyToJ/IbHBIE M IWIHHAPHYECKHE KOOPAUHATBI TOYKH B [IPOCTPAHCTBE

X =7Cc0SP
(13.4) Jy=rsin@; 0<7r <400, 0 <P < 2M; -0 <2< +00
2=z

(| Hpamoyronbnme H cq)epuqecime KOOpAMHATDhI TOYKH B IIPOCTPaAH-
CTBE

(x = rcos@sin0
(13.5) {y=rsin@sin®; 0<r <+ 0<0<2m;0<0< T (a)
|z2=7rcos6

(x =rcos@cosf
(13.6) {y =rsin@cosO; O$r<+oo;05(p<2n;—gs~9£g(6)
|z=rsin6

Q IIpoeknus BekTopa AB ¢ HayajJoM B TO4YKe A U KOHIIOM B TOYKe B Ha
OChb u

(13.7) Hpu;ﬁi = |E§| cos @;

npaBJieHHeM OCH ¥ BeKTopoM, 0 S Q<™

;1—3| — JJINHA BEKTOpa; (¢ — YroJ MexAy Ha-

Q HpOCKuHH BCKTOpa A—B Ha OCH HpﬂMOY[‘OJleOﬁ CHCTEMbI KOOpAHHAT
OXYZ

(13.8)A(x1;y1;z1); B(xg;yg;zg);
pox AB = x, — x;; IIpoy AB = y, — yy; Ipoy AB = 2, — 2

0 3ananue BeKTOpa B KoOpAHHaTHOI (popme
(139) AB={x, - 29, — y1;i2, - 2}

Q Paccrosnue MeEXAy ABYyMA TOUKAMH

(13.10) | ZB|= (%, - 1.} + (o - 1) + (22 - 1 )°

0 Moays (amna) Bextopa a = {x;y; 2}

(13.11) |a|=x2 + 42 + 2%; |a|20
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0 Hanpasasiouue KocHHycbl BekTopa a = {x; y; z}

(13.12) cosa. = i; cosP = i; cosy = Z
la] la |al

(13.13) cos? o + cos? B+ cos’ vy=1

Q EaMHHYHbIH BEKTOP e
(13.14) |e|=1

0 Hyxeoii Bextop 0
(13.15) 0 ={0;0;0}; | 0|= 0; nanpaBnenue we onpexeneHo

0 BekTop, NPOTHBONO/IOXKHbII BexTOpPY a = {x; ; 2}
(13.16) -a = {-x;-y;~z}; | -a|=| a|

0 PaBencrBo BekTOpoB a = {x;;y;;2,} 1 b={xy;9,;2,}

x1 =x2
(1317 a=be jy, =y,
21 =Z2

O Cioenne 1 BbIYHTaHHE BEKTOPOB d = {x;;9;2} b= {x9; 9525}
(13.18) a+ b= {x; + 2959y + Y52 + 25}
(13.19) a-b=a+ (—5) ={x = 20,4 — Y232 — 25}
(13.20) a+ b= b+a (KOMMYTaTHBHOCTbH CJIO’KEHHUS )
(13.21) (& + B) +tc=a+ (E + E) (accouMaTUBHOCTD CJIOKEHHSI)
0O YMHOXeHHe BEKTOpa Ha YHCI0
(13.22) aa = ao = {ox; ay; 02}
(13.23) |aa|=|a|-|a|
(13.24) a(Bc_i) = (ap) a (aCCOLUMATHBHOCTh YHCIOBBIX COMHOXKHTEIEH)

(13.25) a (Ez + B) = 0t + 0b (ANCTPUOYTHBHOCTD YHCIOBOTO COMHOXKUTEIS
OTHOCHUTEJIbHO CYMMBI BEKTPOB)

(13.26) (o + B)a = aa + Pa (AMCTpUOYTUBHOCTH BEKTOPHOTO COMHOXH-
TeJIA OTHOCUTEJIBHO CyMMBI YHCEN)
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0O OpT HeHyJIEBOro BeKTOpa

ﬁl—i— = {cos o; cos B; cos v} ||¢0
a a

| |d

(13.28) ‘?‘:1; a=ld-d

(13.27) &

_a_tlm

Q Hpnanalc KOJUVIHHEAPDHOCTH IBYX HEHYJIEBbIX BEKTOPOB

—r = .z X Y 2
(1329) a||b o a=Ab & =L = 2L = 2L yynesoit BexTop CumTaeTcs KO-
JIMHeapHBIM JE060MY BEKTOPY

0 JIuneliHas KOMOMHALUSA BEKTOPOB
(13.30) b=X,a, +Aja, +...+ A a,

O JIuHelHasa He3aBHCHMOCTb CHCTEMBI HEHYJIEBbIX BEKTOPOB

(13.31) Bexrops! 4, ay,...,a, Ha3bIBAIOTCS JHHEHHO HE3aBHCHMbIMH,
€CJIM UX THHelHasi KOMOHMHALMS paBHA HYJIIO TOJIBKO NPH YCIOBUH
paBeHCTBa HYJIIO Bcex KoaddH1MeHTOoB:

AMa + Aoty +. +ha, =0=A =hy=..=A, =0

Q JIlunelHasa 3aBHCHMOCTb CHCTEMbI BEKTOPOB

(13.32) Bexrops! q,, ay,...,a, Ha3bIBAIOTCA JMHENHO 3aBUCUMbIMH, €CJIH
CYILECTBYIOT YHCIA Aq,A,,....A,, XOTS OBl OJHO U3 KOTODPBIX He
PaBHO HYJIIO, ¥ BBINOJIHSIETCS PaBEHCTBO

—

}'1611 + }\,2a2 + ... +}»n(£n = 0

Q Css3b KOJITHHEApPHOCTH H JUHEeHO 3aBUCHMOCTH ABYX BEKTOPOB

(13.33) a||b & a u b nuueiino 3aBUCHMBI

Q Csna3sb KOMILUIAaHAPHOCTH H JIMHEeHHOH 3aBUCHMOCTH TpE€X BEKTOPOB

(13.34) a; b; ¢ xomnnaHapHsl < a; b; ¢ 11MHEHHO 3aBHCUMBDI

0O PaanoskeHue BeKTOpa 1o 6a3ucy B MPOCTPAHCTBE

(13.35) Basuc (E; ; _é;; E) — YIIOPs110YEHHAs1 COBOKYITHOCTD TPeX JIMHEH -
HO He3aBHCHMBIX BEKTOPOB. JI1060# BEKTOP MOXKHO NPeLCTaBUTh
B BUE d = A€y + Ay, + Ages; Ay, Ay, Ay HABBIBAIOTCSA KOOPAHHA-
TaMH BeKTopa B H6a3uce
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Q PaaJioxxeHue BEKTOpa 110 TPEM HEKOMILIAHAPHBIM BEKTOpaM
d, =Ma, +Ayb, +Asc,
(13.36) d = Mya+Ayb +Ayc & {d, =Ma, +Aob, +A3c, = AjiAg;A,
d, =M\a, + b, + Ay,
0O PassioxeHnue BeKkTopa 1o 6a3ucy npsAMOYrojibHOH CHCTEMBbI KOOPAM-
Har OXYZ

(13.37 ) basuc (i 7 k) — yNOpPSIA0YEHHAs COBOKYTTHOCTb TPeX IMONAPHO
NepNeHUKYIAPHDBIX eAMHHYHBIX BEKTOPOB. Jl1060ii BeKTOP MOXK-

HO NPEACTABHUTH B BUJE @ = a,i+a ]+ak xi+yj+zk

Q IIpeoGpa3oBanne KOOPAMHAT B IPOCTPAHCTBE
(13.38) Ecut 7 = xi + yj + zk B cucreme koopauHat OXYZ,

r = x4 + Y, j1 + 2,k Bcucreme xoopaunar O, X,Y,Z,,
3.1 = (l“i + alzj + (113/«2

Ry = Olyyi+ Olgyf + a33k
X=X + 0y Xy + 0oy + U342
TO VY = Yo + QypXy + QY + U3p2

0 IIpeo6pa3oBanne KOOPAHHAT HA IUIOCKOCTH NPH Napa/uUleibHOM Iiepe-
HOCe U [I0BOPOTe oceii

(13.39) Ecan 7 =xi+yj B cucTeMe koopauHat OXY, r= xizTI' + yJ’{
B cucteMe koopauHat O XY, OO, = xyi + ¥, 7,

Z:cog(p.;+sin(p.} o {x:xo + X COS(p—ylSiH(P
]1--51n(p i+cosQ-j Y=Y+ X 8InQ+y cos@

CkanspHoe npoussefeHne AByX BEeKTOpoB
(13.40) a-b=|a|-|b|cosg; ¢ — yron mexay BexTopamu
(13.41)a-b=|al|Ilp,b=|b|-lIp,a

(13.42) IIp,b=|b|coso; Ip,a=|a|coso
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(13.43) a-b = b-a (KOMMyTaTHBHOCTb)

(13.44) (aa) -b=a (a - b) (acconMaTUBHOCTH CKAJISPHOTO TPOU3BeAEHUSA
OTHOCHMTEJIbHO YHUCJIOBOTO MHOXHTEJIS)

(13.45) (a + B) .c=a-c+b-c(aucTpubyTHBHOCTD CKANSPHOTO IIPON3Be-
AeHUs1 OTHOCUTENbHO CYMMbI BEeKTPOB)

(13.46) a-a =|a|-|a|=| a[*> 0 (ckanspHbiit kBazpAaT)
(13.47) a-0=0-b=0
(13.48) a-e=|a|cos@ = Ilp,a; |e|=1

O BorunciaeHnue CKaJsAPHOro NMPOU3BeAeHUs B KOOPAHHATHOM opme

(13.49) a-b = x,x, + Yy, + 2,2,

Q Yroa Mekay BeKTOpaMH

(13.50) cos@ = a-b x1x2+yly2+2122
la|-|b| \/xi +y, +212Jx2 + Y, +z2

2

O YcioBue nepneHAHKyIAPHOCTH ABYX HEHYJIEBbIX BEKTOPOB

(1351)a Lb e a-b=0& x.x, + Yy, + 2,2, = 0; HyTeBOIT BEKTOD CUM-
TaeTcs MePIeHAMKYISPHBIM JI000MY BEKTOPY

13.52) Tabanua ckaJApHOro YMHOXeHHUs 0a3UCHBIX BEKTOPOB IIPSAMO-
P y P P
YrOJIbHOM AEKapTOBOM CUCTEMbI KOOPAMHAT:

—.—

i-i=1 i-j=0, i-k=0
ji=0; j-j=1 j-k=0
k-i=0; k-j=0; k-k=1

BexTopHOe npou3sefeHue AByX BeKTOpoB

(13.53) BexkTop ¢ Ha3piBaeTCs BEKTOPHBIM MPOM3BECHNEM [IBYX BeK-

—_ = =

TopoB, c=axb, ecin: |c|=|a|-|b|sing; cLa cLlb; abc
06pa3yioT npaByio TPOHKY.

(13.54) axb=-bxa (aHTHKOMMYTaTHBHOCT)
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(13.55) (aa) xb= a(a X b) (accounMaTHBHOCTH BEKTOPHOTO IPOU3BEJIE-
HHMSI OTHOCHUTEJIBHO YHCJIOBOTO MHOXKUTEJIS)

(13.56) (a + b) Xc=axc+bxc (AMcTpuOYTHBHOCTH BEKTOPHOTO NPOM3-
BeI€HMS OTHOCHTEJIbHO CYMMBI BEKTPOB)

(13.57) axa=0
(13.58) ax0=0xa=0

O BoruncieHue BEKTOPHOIO NPOH3BeieHHsA B KOOpAHHaTHO#H dopme

_— . _—

i ]k
(1359) c=axb=|x, y, z|=
Xy Yy 2y

= (y122 = Y2y );+ (x221 = X429 )} + (xlyz - x2y1)-£

(13.60) Tabmua BeKTOPHOro YMHOXeHHs 6a3UCHBIX BEKTOPOB IPSAMO-
YTOJIbHOM /1eKapTOBOIi CUCTEMbI KOOPAMHAT:

fx-f:ﬁ; -i.x}'=1;; -I:XE="3
jxi=—k jxj=0, jxk=i
kxi=j, kxj=-i; kxk=0
O YciaoBue KOJUIHHEAPHOCTH IBYX BEKTOPOB

- — p—

i 7k
(13.61) EZ"B@&XB=6<:> x1 yl 21 =0
Xy Yo 2

(13.62) Beruucnenue miomazan napajieorpaMmma, IOCTPOEHHOTO Ha IBYX
BEeKTOpax: S = |c_i X B|
CMmewaHHoe npoussefgeHune Tpex BeKTopos
(13.63) abc = a.(zxz)

- = =

(13.64) abc=bca=cab=-bac=-cba=-ach
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O BeryncieHne CMeIAHHOrO NPOM3BEIEHHA B KOOPAHHaTHO#H dopme

M A
(13.65) abc=|x, y, 2z|=
X3 Y3 23

= NYr23 T Y1203 + 2103 — 1Yy X3 ~ Y1Xp23 — X42Y3
(13.66) CMemanHOe npousseneHne Tpex 6a3MCHBIX BEKTOPOB NPSMO-

YrOJNBbHOHN I€KapTOBOIT CUCTEMbI KOOPAWHAT: i jk =1

0O YcioBHe KOMILUIAHAPHOCTH TPEX BEKTOPOB
X Y 4
(13.67) a; b; ¢ xomnnanapubl & abc=0& |x, y, 2)|=0
X3 Y3 23
(13.68) Boruucienune ob6beMa napassiesienuiesa, MOCTPOEHHOTO Ha TPeX

—

BekTopax: V = |abc[

14. NpsaMasa Ha NNOCKOCTHU

0 YpaBHeHnue npsaMoH, npoxoasileH yepes 3aaHHyI0 TOYKY M, (xy; o)
nepneHANKYJISpHO 3aJJaHHOMY BEKTOPY
(14.1) (F - %) -7 =0 — BexTopHas dopma, 7 = {A; B} # 0
(14.2) 7-n+C=0
(14.3) A(x-xy) + B(y — yy) = 0 — xoopaunarHas popma

0 O0mee ypaBHeHHE NMPAMON
(14.4) Ax+By+C=0; A2+ B2 #0

0O HemnoJiHblie ypaBHeHHA NPAMOii
(145) A=0,B#0= By + C =0 — ypaBHeHHEe NpAMOIi, NnapaaaeabHO

ocu OX

(14.6) y =0 — ypaBHeHnune npsamoii, coBnazatoiieii ¢ ocoro OX

(147) B=0; A# 0= Ax + C =0 — ypaBHeHHe NpAMOMH, NapaieJbHOM!
ocu OY
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(14.8) x = 0 — ypaBHeHue nPAMOH, coBnazaloliei ¢ ocpio OY

(149)C =0= Ax + By =0 — ypaBHeHue npsMoH, npoxonsiuen yepes
HayaJjI0 KOOpAMHaT

Q HopMmasabHoe ypaBHeHHe NMPAMOH

(14.10) 7 - nd - p =0 — BexTopHas dpopma

(14.11) xcosa + ysino — p =0 — xkoopanHaTHas gopma
Q YpaBHeHne NpAMO#i B NOJAPHBIX KOPAHMHATAX

(14.12) r=—2L
cos(p- o)

QO VpaBHeHHe NpAMOii ¢ yrioBbiM K03 PpuiimeHTOM

(14.13) y-yy = k(x-x); k=" 4 2 x,
X=Xy

(14.14) y=ke+b k=22, x, #0;

X1
k = tg @ — TaHreHc yryia Mexay ocbio OX u npsamoii;

M, (x9;90); M (x;;yy) — TOUKH, NPHHALIEKAIHE TIPAMOH
0O YpaBHeHHe NPAMOI «B OTpe3Kax»
(1415) 2+ L =1, a;b#0
a b

0 IlapameTrpuyeckoe ypaBHEeHHe NIPAMOI, MpoXoaAaile Yyepe3 3aJaH-
HY10 TOYKY M, (x,; y,) NapajiejbHO 3aJaHHOMY BEKTOPY

s={s;;s,}#0
(14.16) _r'=:_r;+_s'-t; — o0 < t < 400 — BeKTOpHas hopMa

; —oo <t <+o0 — KOOpPAMHATHAs (popMa;
Y=Y+ St

s, = 0= x = x;, (ypaBHeHHE NPAMOH, napannenpHoii ocu OY);

(14.17) {

sy, =0 = y = y, (ypaBHeHHe NpsAMoii, mapasnenbHoit ocu 0X)
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O KanoHuyeckoe ypaBHeHHe NPAMOH, POXOAALLEH Yepe3 3aJaHHYI0 TOY-
Ky M,(x);y,) napaiiejbHO 3aJaHHOMY BEKTOpY S = {sl;sz} #0

(1418) =TI (g <0 x=xy 5 =0y =y)
1 2

Q VYpaBHeHue npsMoii, npoxoasuueii yepes 1se 3ajaHHbie TOUkH M, (x(;y;)

u M, (x5;9,)

(1419) 2= _ Y~ %
Xo—Xy Yy~ Yy

(14.20) y = Yo=Y Y% ~ Yot
Xy =X Xy = X

1 1 1
(1421) |x 2 x,|=0
Y Y4 Y

0 ¥Yroa Mexay ABYMs NPAMBIMH

— —

(1422) L :7 - m +C, =0; Ly:7 -7y +Cy = 0=> cosp = —b 12
ECARECY

(14.23) L | L, & n, | n, & AB, — A,B, = 0 — yc/0BUe NapaLIeIbHOCTH

(14.24) L, L L, & n; -n, =0 & A/A, + BB, =0 — yci0BHe Ieprienan-
KYJISIPHOCTH

(14.25) L ;7 =71 +5, - t; L23;=;2.+5_2.‘t=>c05¢=_|;'g1|.r2—|
Si * 32

(14.26) L, | L, © s, | s, — ycoBre napaienbHOCTH

(14.27) L, L L, & s, -5, = 0 — yc/OBHe NePEHANKYNAPHOCTH
1498) L iy =hkx+b: L :y=hxtb = tgo=-2_H
(14.28) L1y = Ky Liy=kx+b=tg0 T4k,

(14.29) L, | L, & k = k, — ycnoBue napaiienbHOCTH

(1430) L L L, &k = -kli — YCJIOBHE NEPNEHANKYIAPHOCTH
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Q Paccrosinue oT TOYKH M,(x;;y,) Ao npAMoi
| Ax, + By, + C|
VA? + B?

(14.32) d = | x,; cosa + y, sino. - p |

(14.31) d =

0 Paccrosinue ot HayaJa KOOpHHAT 0 NPAMOii

| C|
(14.33) d = ——=1__
VA? + B?
(1434) d = | -p|

Q YcaoBHe nepeceyeHus AByX NPAMBIX U KOOPAMHATHI TOYKH Nepece-
YeHHUA

(1435) L : Ax+By+C, =0, L, : Aax+B,y+C, =0.

A B
Ecn A = ‘ ! B; # (), To IpAMbIe IepeceKalnTCs B OJ[HOU TOYKe
B, C C, A
C c, A
C KOOPAMHATaMH X = % y= 172 < 2

0 YcaoBue coBnajeHus ABYX NPAMBIX
(1436) L,: Ax+By+C, =0; L,: AAx+By+C,=0.

Eciu — = — = —, To ypaBHEHHUSI ONPEAENSIOT OIAHY U TY XKe NPAMYIO.

Q YciaoBue IIPHHA/UICKHOCTH TPE€X 3alaHHBIX TOYEK
A(x;;y,), B(xy;9,), C(x3;y3) oamoii npsiMoit L
(1437) ABCele 222" H

X3 =Xy Y3~ Y
1 1 1
(1438) A/ B,CeLe|x; x x31=0

Y Y Y3
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15. MNnockocTb U NpaMasn
B NPOCTpaHCTBe

MA0CKOCTb B NPOCTPAHCTBE

O YpaBHEeHHeE II0CKOCTH, POXOAAIEl Yepe3 3aJaHHYI0 TOUKY
M, (xy; Yo; 2y ) NEPNEHANKYIAPHO 3aJAHHOMY BEKTOPY

(15.1) (;-;{;)-;‘:=0 — BeKTOpHasi popMa, ﬁ={A; B; C}#ﬁ
(152) r-n+D=0
(15.3) A(x-xy)+ B(y - yy) + C(z - 2y) = 0 — xoopauHarHasi popma

0 O6uee ypaBHeHHE IUIOCKOCTH
(15.4) Ax+By+Cz+ D=0, A*+B>+C? 0

0O HenoJsxble ypaBHEHHS MJIOCKOCTH

(15.5) A=0= By + Cz + D = 0 — ypaBHeHHe NJIOCKOCTH, Napajijie/ibHON
ocu OX

(15.6) B=0= Ax + Cz + D = (0 — ypaBHeHHUe IJIOCKOCTH, IapaJijIeIbHOH
ocu OY

(15.7) C=0= Ax + By + D =0 — ypaBHeHHe NJIOCKOCTH, Napajieb-
Hoit ocu OZ

(15.8) A= B=0= Cz + D =0 — ypaBHeHMe IJOCKOCTH, Napajljie/IbHOI
nmaockoctu OXY

(15.9) z=0— ypaBHeHHe MJOCKOCTH, COBMazalolled € MIOCKOCTbIO
0).04

(15.10) B=C=0= Ax+ D =0 — ypaBHeHHe NJOCKOCTH, Napajieb-
Hoil naockoct OYZ

(15.11) x =0 — ypaBHeHHe NJOCKOCTH, COBMajaoUEl C NJIOCKOCTLIO
0oYZ

(1512) A=C=0= By + D =0 — ypaBHeHHe IJIOCKOCTH, Napajieb-
Hoii mnockoctn OXZ
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(15.13) y =0 — ypaBHeHHe NJIOCKOCTH, COBMAZAIOLIEH C NIOCKOCTHIO
O0XZ

(15.14) D=0= Ax + By + Cz = 0 — ypaBHeHHe€ IIJIOCKOCTH, ITPOXO/is-
11e# Yepe3 HayaJlo KOOPAWHAT

0O HopMaibHOe ypaBHEHHE IUIOCKOCTH
(15.15) r 0 - p = 0 — BexTOpHas hopMa
(15.16) xcosa + ycosP + zcosy — p = 0 — xoopaAuHaTHast popMa

0O YpaBHeHHe ILIOCKOCTH <B OTPe3Kax»

517 2+ 2421, abc20
a b c

O YpaBHeHHe MIOCKOCTH, NPOXO/AsNIel Yepe3 TPH pa3uYHbIe TOYKH
M (x; ¥y 21)s My (%5 yo; 25), M3 (%35 y3; 23), He Jexkamue Ha OAHOM
npaMoi

X=X Y-4%h 22—z
(1518) |y —xy Y-y 2 —2|=0
X3=X Ys3—Y 2Z3—2
0 Paccrosinue ot Touku M, (xy; ¥y; 2, ) A0 MAOCKOCTH
| Ax; + By, +Cz; + D|
VA2 + B2 +
(15.20) d =| x, cosa + y, cosP + z, cosy — p |

(1519) P: Ax+By+Cz+ D=0=d =

Q Yroa Mexay ABYM# ILIOCKOCTSIMH
(1521) P.: ;-E+Dl- =0=>coscp=—_—f-1—-'£2:,-
|y || my |
A _B G
4 B G
(1523) P, L P, & n,-n, =0 & A/Ay + BB, + C,C, = 0 — ycnonue nep-
NEHAUKYJAPHOCTH

(1522) P | P, & n | n, & — yCJIOBHE NapajiieIbHOCTH
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Mpaman B npocTrpaHCcTBe

O IlapameTpHyeckoe ypaBHeHHe NMPAMON B NIPOCTPaHCTBe, Npoxoasmmeii
yepes 3aJaHHyI0 TOYKY M, (x); yo; 2y) NapaieabHO 3aJaHHOMY BEKTO-
py s ={s;;55;53} #0
(15.24) r = ;'; +S-t — BEKTOPHAs GOPMA; —oo < f < +oo

X=X+ 5t
(15.25) {y = yy + syt — xoopauHaTHaA POpMa; —eo <t < +oo
z=2y+ 55t

0O KaHoHHYecKoe ypaBHeHHe NPAMO#i B IPOCTPAHCTBE

(1526) 2% Y~ % 2" %,
$1 Sy S3

(51=0=2x=xp ,=02y=y, 3=0=2>2=2))
0 YpaBHeHue nNpsaMoii B IpoCTpaHCcTBe, Npoxoasuiell yepes aBe pas-
anuHbie TOUKH M, (x; yy; 2;), My (%55 yy5 25)

(15.27) r—x - Y- _f74
Yo=X% ¥ 2%

Q ¥Yroa mexay npamoit L u mnockoctbio P

(15.28) L: r—r0+s t; P:r-n+D=0=singp= || H
s

(1529) L||P & s Lne n-s=0 — ycaoBue napaaielbHOCTH NPAMOI
M ILIOCKOCTH

(1530) L L P & s nesxn=0— yCJIOBHE NEePIEHANKYIAPHOCTH IIPsi-
MOH M IIJIOCKOCTH

0O 3aaanme npsAMol B MPOCTPAHCTBE KAK JIHMHHUH IepeceyeHHs ABYX Hemapas-
JIeJIbHBIX IVI0CKOCTEH
Ax + +Ciz+D, =0 -~ _—
(15.31){1 By+Cz+ D=0~ o %
Ax+By+Cyz+D, =0
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16. YpaBHEHUSI HEKOTOPbIX
KPUBbIX Ha NJIOCKOCTH

YpaBHEHMA KpUBbIX 2-ro nopsaka

Q umumnc (cMm. 4. 2, puc. 1189):
2 2

x
(16.1) — + y—?_ =1 — KaHOHHYeCKOe ypaBHEHHE 3JIIMIICa
a b
. b?
(16.2) e= |1 - — — 3KCLEHTPHUCHTET 3J1MIICA
a
X =acost §
(16.3) . ;0=<t<2n — ypaBHeHHe 3JUIMIICA B TapaMeTPHYeCKOM
y = bsint
¢opme
(16.4) r= S yPaBHEHHE 3JIJIUICA B MOJSPHBIX KOOPAMHATAX
1-ecos@

0O OkpyxkHocTb (R — paanyc OKpPY>KHOCTH):

(16.5) x% + y* = R* — ypaBHeHMe OKPYXHOCTH C EHTPOM B Hayaje Ko-
opauHar (cM. 4. 2, puc. 1105)

(16.6) (x - x{;,)2 + (Y -y, )? = R? — ypaBHeHue OKPY>KHOCTH C LIEHTPOM
B TOuke (Xy;¥,) (cM.u. 2, puc. 1111)

(16.7)y=y, £ JR2 - (x - x, )> — ypaBHenus BepxHeii (+) U HIKHeiH (=)
IIOJIyOKPYKHOCTH LIEHTPOM B To4Ke (Xy;Yp)

(16.8) (x - x, )2 + (Y -y, )2 = (0 — BBIPOXJEHHasi OKPYKHOCTb (TOYKa
(%03%0))

(16.9) e = 0 — aKCUEHTPUCHTET OKPYKHOCTH

= Rcost
(16.10) {x cos ;0<t <2n — ypaBHeHHE OKPYKHOCTH C LEHTPOM

y = Rsint
B HayaJjie KOOpAWHAT B apaMeTpuyeckoil popme
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x=Xx,+ Rcost
(16.11) . 0<t<2n — ypaBHeHHE OKPY>KHOCTH C L[E€HT-
Y =1y, + Rsint

POM B TOuKe (Xy;¥,) B TapamMeTpu4ecKoil popme

(16.12) r = R — ypaBHeHHe OKPYKHOCTH C IIEHTPOM B HayaJsie KOPAUHAT
B NOJISIPHBIX KOOPAMHATAX

(16.13) r = 2Rsin @ — ypaBHeHHe OKDYXHOCTH C LieHTpoM B BTouke (0; R)
B MOJIAPHBIX KOOpAMHATaX

(16.14) r = 2R cos ¢ — ypaBHeHHe OKPY)KHOCTH C LIeHTPOM B B Touke (R;0)
B [IOJISIPHBIX KOOPAMHATAX

Q I'unep6oia (cM. u. 2, puc. 1191):

2 2
(16.15) x_2 - %5- =1 — KaHOHMYecKOe ypaBHEHHe rUnepOOoIbl
a
b2
(16.16) e =,/1+ — — aKcueHTpUCHTET rUnEep6OTIbI
a
(1617) r = S ypaBHeHHe OAHOIT BeTBU rUnepboJIbl B noasp-
1-ecos@
HBIX KOOpAMHATAX

x2 2

(16.18) — - z—z =( — JBe nepecekarolyecs npsameie (cM. 4. 2, puc. 1081)
a

0 ITapa6oaa (cm. 4. 2, puc. 1192):

(16.19) y* =2px — xaHOHUYecKoe ypaBHeHHe 1apaboJibl

-

(16.20) r = " P — ypaBHeHHe napaboibl B NOJISIPHBIX KOOPAWHATAX
—Cos @

YpaBHEHUS HEKOTOPbIX 3aMeyvaTesIbHbIX KpUBbIX

0O ApxumenoBa cnupais (cM. 4. 2, puc. 1193)
(16.21) r =ag

QO Acrpouzaa (cMm. u. 2, puc. 1194)
(16.22) x?/3 4+ y*/3 = R?/3
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(16.23) |

0 JexaproB jmct (cM. 4. 2, puc. 1195)
(16.24) x° + y° = 3axy

r

_ 3at

1448
16.25) ¢
( ) y= 3at?
o1+
(16.26) 7 = asin ¢ cos ¢
sin3(p+t:083(p

0O Viurka Ilackans (cM. u. 2, puc. 1196)
. 2
(16.27) (x2 +y? —2a.x) =12 (x2 - yz)

_ 2
(16.28) {x—acos t +/cost
y =asintcost +[sint

(16.29) r =2acosp !

a Kapauouaa (cm. u. 2, puc. 1197)
. 2
(16.30) (a* + 4 - 2ax) =4a’ (x* + %)

(1631) {x=2acost—ac052t

y =2asint —asin 2t
(16.32) r =2a(1- cosg)

0 Konxouna Hukomena (cMm. u. 2, puc. 1198)
(16.33) (x2 + yz)(y —a)’ = 1%y

(16.34) r=—2—+1
sin@

Q Jlemuuckara Bepuyam (cM. u. 2, puc. 1199)
(16.35) 7% = 2a* cos 2¢
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Q Jlokox AHbe3u (cM. 4. 2, puc. 188)

(4'3

2 +a?

(16.36) y =

O Iuxnouaa (cMm. u. 2, puc. 1200)

(16.37) {

x =a(t -sint)
y =a(l-cost)

0 Amuuukaonapl (cM. 4. 2, puc. 1129-1140)

x =(R+r)cos%t—rcos(t+%t)
(16.38) -

r r
=(R+r)sin—t¢t—-rsin| t+—t¢
- e r)snge-ranf o

Q nurpoxouasl (cM. 4. 2, puc. 1141-1152)

x=(R+ r)cos:%t-hcos(t+%t)

(16.39)

Y

L

(R+r)sinit—hsin t+Lt
R R

Q Poasbi (cM. 4. 2, puc. 1177-1188)

x=(R+r)cos-;%t—hcos(t+%t)
(16.40) - h=R+7r

r r
=(R+r)sin—t—-hsin| t +—t¢

~y (R+7)si - sin 2
(16.41) r = asinko

Q I'mnoumkiouAas! (cM. 4. 2, puc. 1153-1164)

x=(R —r)cos%t + rcos[t —%t)
(16.42) -

Y

(R- r)sinit - rsin(t-itj
R R
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Q M'mnorpoxouasi (cM. u. 2, puc. 1165-1176)

x=(R- r)cos%t+ hcos[t —%t]
(16.43) -

Y= (R-r)sin%t -hsin(t - %t}

L

17. KaHOHMYyeckue ypaBHeHU S
NOBEpPXHOCTEN 2-ro nopaaka

0 JIUICcouA,

2
(17.1) ——+%2— £ =1 (cm. 4.2, puc. 1201)
C

(17.2) 2’ +y 2422 =R? — cepa (cM. 4. 2, puc. 1202)

0O OaHomnosI0CcTHOI rHNep6oJIoM
2 2 2

(17.3) 5+ Z- - - =1 (cm. . 2, prc. 1203)
a b

O JIByXmoJ0CTHO#H runepo0oua
2 4 2
(174) =5+ 95 = 5 = -1 (cm. 5.2, prc. 1204)

QO Konyc Broporo nopsiaka
2 2 2

x° y- oz
17.5) —+Z-=-—=0 (c™m. 4. 2, puc. 1205

Q daaunTHyecKuit napadoaoun
2 .2

(17.6) z= =+ 3;—2 (cM. 4. 2, puc. 1206)
a

Q T'unep6oanyeckuii napadoaoun

2y
(17.7) z=— - =5 (em. 4. 2, puc. 1207)
a’® b
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0 JUMITHYECKHI IHIHHIP

x2 y2
(17.8) = + 7 =1 (e 2, puc. 1208)
a

O l'unep6oauyecKuii HWIHHAP

2 2

(17.9) x_2 - ‘Z—z =1 (cM. u. 2, puc. 1209)
a

0 ITapaGoanyeckHii WHIMHAP
(17.10) y? =2px (cm. u. 2, puc. 1210)

0 ITapa nepecexalomuxcs ILI0CKOCTEMH

2 22

(17.11) -~ % =0 (cm. . 2, puc. 1211)
a C

0 IIapa napajuieJbHBIX IIOCKOCTEH

2
(17.12) - =1 (cm. 4. 2, puc. 1212)
a

18. Onpepenvtenu

A — KBaJIpaTHasd MaTpHlla pa3Mepa n Xn

Q Onpeaenuresib epBOro NOpAAKa
(18.1) A=|A|=det A =det(a,)=ay,

Q Onpeaenurenab BTOPOro NOpsaKa

ayy  4q

(182) A=|A|=detA = =y - Ggy — Gy * Gy

Qyy Ay

Q OnpeaeauTenab TPEThHEro NOpAAKa
4y G4 G4y
(183) A= |A| =detA= 021 022 023 =

a3y Qaz a4z



=4 -

ay)
asy

asq

ay3
ag3

+a13 *

a

asq

18. Onpepenvrenu

ayy

asp

=Qyy Qa3+ Q) Ay3-A3y + a3 Ay - A3y —
=@y Qy3° A3 —Qyp *Ayq *A33 — Q3 " Qyy * A3y

O Onpeneaurens n-ro NOpsAAKa
(18.4) Pa3noxeHnue no nepsoii CTpoke:

ay  a; Ap
a, Gy a; < c ;
A=detA= =N a4, =YD a M,
anw J=l _’=l
an aﬂ2 arm

(18.5) Paznoxenue no i-it crpoke; i = 1, 2,..., n:

a4, 4, ... 4a,
a, ap Ayl < < iy
_ - — _ J;
A=detA = =Y a;4; =Y (-1 a;M;
[ EXYl j=1 J,=l
anl anz ann

(18.6) Onpenenutenp TPEYroapHOI MATPHILBL

0O Aare6pandecKoe J0N0THEeHHe A; anemenra g;

a, 4q, a3 .. Qq,
0 ay ay .. ay_
=4q)"Ayp "a33°..." Ay,
0 0 0 a,,

(18.7) A; = (=) My; i=120m j=1,2,.,m;

M;; — MHMHOD a/1eMeHTa q; — ompejenutens n—1 npopsika,

M0JIy4YaeMbI U3 UCXOAHOr0 BbIlYEPKMBAHUEM i -H CTPOKM H j -TO
cTo0Ha

O CaoiicTBa onpenenntenei
(18.8) Onpenenurenb TPAaHCMIOHMPOBAHHOIT MATPHUIIbI paBeH OIpeJeInTe-
J10 ucxonHoit marpuupl, | AT |=| A |



60 Yacrb 1. Dopmyns!
(18.9) Ecxnu Bce anemeHTsI Kakoii-11bo cTpoku (cTonb11a) onpeaeanress
paBHbI HYJII0, TO A =0

(18.10) Ecan onpeaenutens uMeeT ABe oJlMHAKOBBIE CTPOKH (cTO61a),
0 A=0

(18.11) Ecnn aneMenTsI KaKoii-11nbo cTpoky (cTonb1a) onpenenuTens npo-
NIOPIHOHAILHBI 3JIEMEHTaM Jpyroii cTpoku (cTonbua) , o A =0

(18.12) Ecsiu Bce aneMeHTBI Kakoii-1ubo cTpoxH (¢ ro1Hia) onpenenm-
TeJIA UMEIOT 061t MHOKMTEB, TO €r0 MOJKHO BLIHECTH 32 3HAK
onpeenauTes.

(18.13) Ecau B onpeaenuTesie nepecTaBUTh KakKe-M00 iBe CTPOKH (cTo6-
11a), TO BeJIMYNHA ONpeleIuTeNs MOMEHseT 3HaK: A, = —A

(18.14) Ecnu k xakoii-n1160 cTpoke (ctonbiy) onpeaenutens npubaBuTh
APYTYI0 CTPOKY (cT0s16€e1), yYMHOXKEHHYIO Ha OHO U TO XK€ YHCJIO,
TO BeJIMYMHA ONpPEAeJTHTENA He H3BMEHHNTCA: Ay = A

Q PemeHnue cucTeMbl 72 IHHEHHBIX aareOpanyecKnX ypaBHEHHH C 72 HEH3-
BeCcTHbIMH N0 popmyiam Kpamepa

(18.15) MaTpuuHast 3anMCh CHCTEMBI JIMHEITHBIX YPaBHEHMIA:

(ay Gy .. ay) () (b))
kanl Qny - arm) kxn) kbn)
b ay .. a,
a
A=detA; A = b oy “an ;
bn ) Ay
ay b .. aq, CTERZY) b
A, = ay b .. a, i A, = Ay Gy b,
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(18.16) Ecrm AX=B; A=detA #0, To cucTeMa UMeeT, U NIPUTOM

(AI\
A
Ay

€IUHCTBEHHOE, pelieHHe X =| A

A

n

LA )

(dbopmynnsl Kpamepa)

(18.17) Ecn cucrema ogHoponHast, To ectb AX =0, u A=det A #0, TO

X =

19. MaTpuubl

O IpsaMoyroxbHbIe MATPHIIBI pa3Mepa mxn

(ay ay)
(191) A, = dyy 4y
Laml am2

cTosibLia

a

\
n

Xn

a

mn )

» Gy —

(19.2) Matpuua-crpoka: A,,, =(a;; ay,

(19.3) Marpuua-cronben: A, =

\

p
f"n\

ayy

aml J

3JIeMEHT i-#i CTPOKHU U j-TO

a1n)
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(19.4) TpancnonupoBaHHasi MaTpHla:

fa“ Y

a2 An (ay,  ay A
T ay; Ay Q) Ay Qoo a0
A mxn = anm = = m
Bt Gmz o G| @ By o G
(ayy ay, ay, )
a,, a a
(19.5) Kpanparnas Matpuna: A, , =| = 2 2n
Kanl Q2 Qyn Jnxn
(
a1y G Q3 a,, )
0 a,, a a
(19.6) TpeyronpHast maTpuna: A, , = 2 “2 2
\ 0 0 0 Qn nxn
(1 0 0 0)
0 1 0 0
(19.7) Eannnynas matpuna: E=E, =
‘\0 0 0 l)nxn

QO PaBeHcTBO MaTpHI|
(198) A, =B, , &a; =

0O Hyxesas MmaTpuia

(19.9) Ay = 0pn © @ =0,

y

by, i=12.,mj=12.,n

Q IIporuBononoxHas MaTpuIa

i=12,..mj=12..,n

L,2,..mj=12,..,n

0O CroxxeHne MaTpHIl 0AHHAKOBOIO pa3Mepa
(19.11) G, = Ap + B ¢ =a; +
(19.12) A+B=B + A (KOMMYTaTHBHOCTbH CJIO’)KEHHS )

b ;

ij

i=12..mj=12.,n

(19.13) A+ (B +C)=(A +B)+C (accounaTHBHOCTb CIOKEHH)
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0O YMHOMc€eHHe MAaTPHILbI HA YHCJIO
(1914)C=0A=Aa e c; =aa;; i=12,.mj=12..,n
(19.15) a(BA) =(aB)A (accounaTHBHOCTb YMHOXKEHHS HA YHCJIO)

(19.16) a(A + B) = 0A + oB (aucTPHOYTHBHOCTS YMHOXKEHHUS Ha YHCITO
OTHOCUTEJILHO CJIOXKEeHUS MaTPHII)

(19.17) (o + B) A = A + BA (aucTpuGYTHBHOCTD YMIIOXKEHMSA YHCJIA Ha
MaTPUIY OTHOCHTEIBHO CJI0XKEHHS YHCCI)

0 YMHOXeHHe MaTpull COIJIAaCOBaAaHHOIO pa3Mepa
(19.18) C,y = A, * B,y & ¢; Za,,, b, =

= ayby; +apby; + ...+ ayb :=1,2,...,m,j=1,2,...,1

inOpj 5
(19.19) A(B+C)=AB+ AC (auctpubyTHBHOCTb YMHOXKEHHSI)
(19.20) (B+C)A =BA + CA (anctpnbyTHBHOCTb yMHOXKEHHS)
(19.21) A(BC)=(AB)C (accouuaTHBHOCTb YMHOXCHIIs)

(19.22) BA # AB (HeKoMMYTaTHBHOCTb YMHOXXEHHUS B 0011eM c/1yyae)

0 CaoilicTBa e IMHHYHOMN MATPHUILBI
(19.23) A, ,E, =E,A,., =A,,,

n<n—n neonxn
(19 24) Am)(ﬂE Amxn
(19.25) E,A i = A i

0 O6paTHas MaTpHLa

(19.26) A™! HasbiBaeTcs obpaTHOI K A = A
eciu A-A'=A"-A=E

nxn ?

O BbiuucieHne 00paTHO# MaTPHIIbI METOOM NPHCOEIHHEHHOH MaTPHIBI

Ay Ay o Ay
v Ao An .
(19.27) A ' = A— CAY =| 12 T2 Ay ‘A=detA #0;
\Aln AQn ‘4m:)

AY — IMPpUCOCAMHEHHas MaTpHIa; ATJ' — aﬂreﬁpanqecxoe JOITOJT-

HeHMe aneMeHTa a;; i=12,.,mj=12..,n
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0 Pemenne cucreMsl 7 TMHEHHBIX aJre0paHyeCKHX YPABHEHHMIA C 77 HEH3-
BeCTHBIMH METOZOM 00PaTHO MaTPHIIbI

(19.28) AX =B;detA #0 < X = A™'B;

ayy

a)

kani

Q Panr maTpuiibl

a9

%)

Ay

3\
aln

ayy

aﬂﬂ' )

(19.29) MuHopoM MaTpulst A, ,

MY NOPSZAKY OTJIMYHBIX OT HYJiIsI MUHOPOB MaTPHIIbI.

£ o\
X

X9

xn)

(b,

b,

kb”J

MopsiZika k HaspIBaeTCs ONpeneTuTeNb
KBa/IpaTHOH MaTpPHIIbL, CoqepIKalllel 3/ieMeHTh], CTOsIIHE Ha Tiepe-
Ce4YeHHMH MPOU3BOJIBbHBIX k& CTPOK M k cTO/NIOOB MaTpHilbl. PaHroM
rang (A) MaTpuusl A, Ha3bIBAETCS YHCJIO, PaBHOE HanboIbLIe-

(19.30) 0 < rang (A) < min{m, n}, rae min{m, n} — HauMeHblLEe U3 YHCE

mun

(19.31) rang(A)=0 = a; =0 Vi, j

0 Teopema Kponexepa—Kanenans o COBMECTHOCTH CHCTEM 772 IMHEHHbIX
ypaBHEHHil C 77 HEH3BECTHbIMU
(19.32) AX =B umeer pemenns & rang (A) = rang (A |B) =r;

A

’(bl\

by

 &n )

[ ay,

;A|B= 1

\mi

ayy
ayy

m?2

aln bl )
a4y, bZ

b

anm TH)

(19.33) Ecin r = n, To pemienre eAMHCTBEHHO, €CNIU ¥ < M, TO PELIEHHH
6eCKOHEeYHO MHOTO

(19.34) Ecnu cucrema onHoponHas, To ectb AX =10, To: OHa COBMeCTHa
M MMeeT Mo KpalHel Mepe ofHO HyJeBoe peuweHue X =0; npu
¥ =n OHa MMeeT eJUHCTBEeHHOe HyJeBoe peuleHne X =0
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20. Npepenb! ¥ HeNpepbIBHOCTDb

MNpenen 4YnCNoOBOK NOCNEAOBATE/IbHOCTH

(20.1) Yucno a HaspiBaeTcs npezesioM (KOHEUHBIM NpeZieoM) MOC/Ieno-

BaTeJIbHOCTH {X,} = Xy, X9, X3,..., X,,..., lIM X, =a,
n—od

ecin Ve>0 3IN=N(e): Va>N=|x,—d <e

(20.2) ITocnenoBaTeILHOCTD {an} Ha3biBaeTcs 6eCKOHEYHO MAJIOH, ecJIn

lima, =0, Toectsecin Ve>03N: V>N =|a,|<e
n—yoo

(20.3) IocaenoBatensHocTs {x,} Ha3biBaeTcs GeckoHeuHo 6OJIbIION,
lim x, =co,ecntu VE>0 3N: Vn>N=|r,|>E

n—oa

(20.4) lim x, =40, eciu VE>0 3IN: Vn>N=ux,>E
n—yoo

(20.5) lim x, =0, eciu VE>0 3N: Vn>N=ux,<-E
n—»o0

(206) limx,=ae x,=a+a, lima, =0
n—oce n—oo

n—yoeo n—eol O,

(20.7) lima, =0;a, #0 V7 & lim (i] = oo

Q CpoiicTBa cXoAAmMXCH NOCAEA0BATEIbHOCTE!H
(20.8) lim (x, ty,) = lim x, + lim y, (mpenen cymMMsI 1 Pa3HOCTH)
n—oe n—oo n—3c0

(20.9) lim (x,y,)=lim x, - lim y, (mpexen npousBeneHHs)
n— n—oo n—es

{==]

(20.10) lim (cx,) =c- lim x,; ¢ — nocrosHHas
H—yoo n—oo

X lim x,
(20.11) ll_l)];lﬂ(y" ] = '{;:y 'y, #0Vn; ii_l;[:oyn # 0 (npenen npobu)
n

(20.12) ITpenensHbif nepexosi B HEPaBEHCTBE:

&ﬂxn =i£1lyn =a; x,$2,%Y, V":“’iij‘lzn =a
O CxoauMoCTh MOHOTOHHOI H OTPAHHYEHHOI MOCIe10BaTENIbHOCTH
(20.13) Ecau nocnezroBarensHocThb {x,} He ybwiBaer (x, < x,,, Vn)
M orpaHuyeHa csepxy (3M : x, < M Vn ), To OHa cXOAUTCH,
nlimx, =as<M

1 .
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(20.14) Ecam nocnenoBate/IbHOCTL {X,} He Bo3pacTaeT (&, = X,

Y orpandcHa CHH3y (3m : x,, 2 m Vn ), To OHa CXOAMTCH,

nlimx, =az2m
H—co

{ V)

Q Kpurepuii Ko €xo1¥MOCTH nnocieA0BaTeIbHOCTH
(20.15) limx, =a o

N—yco

& (ve>03IN =N(e):Ym>N,Vn>N =|x, - x,| <€)

Mpenen pyHKUUM

(20.16) Yucno a HaspiBaeTcs npezes10M (KOHEYHBIM 1pee10M) QyHKINH
f(x) BTouke xy, lim f(x)=a,ecan f(x) onpenenena B Hexo-
Y—>X

X=X,

Topoit okpectHoctu U (%) nan U (xp) necan
Ve>038=38()>0: Vx,0<|x-x5|<d=|f(x)-da|<e

(20.17) lim f(x)=a & f(x)=a+a(x), lim o(x) =0

X=X, XX

Q CaoiicTBa pyHKkuMii, UMeOWMX nNpeaen (NpaBuUjia BbIYUCIEHHA Npe-
IeJIOB)

(20.18) lim (f(x)ig(x))= lim f(x)% lim g(x) (npenen cymmsr

=3

1 pa3sHOCTH)

(20.19) lim (f(x)g(x))= lim f(x)- lim g(x) (npeaen npoussene-

HUSA) o
(20.20) lim (Cf(x)) =c lim f(x);c — nocrosxHas
£(x) lim f(x)
(20.21) lim = S0 . lim g(x)#0 (npeaen apobu)
XY, g(x) 1}2‘} g(.‘t') Xy

0 OaHocTopoHHKE npeebl PYHKIIHY
(20.22) Yncso a HasbiBaeTcs mpeac1oM (PYHKIHH B TOUKe X, CJeBa,

lim f(x)=/(ay-0)=a,ecamn

x=v,=0

Ve>038=8(¢)>0: Vx, 5y -8<x<xy=|f(x)-a|<e
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(20.23) Yucno a Ha3biBaeTcs npefiesoM GYHKIUHU B TOYKE X, ClipaBa,
lim f(x)=f(x)+0)=a,ecan

x—=xp+0

ve>0 33=5(e)>0: Vx, xy<x<x+8=|f(x)-a|<e

Q YcaoBue cymecTBoBaHHs Nipeaea PyHKUHMH
(20.24) lim f(x)=a«e lim ﬂf(x) = lim f(x)

X%y x—-x5+0

a

O Ilpeaenns! GyHKUHH <HA 6ECKOHEYHOCTH»>
(20.25) lim f(x)=a & Ve>03D>0: Vx,|x> D=|f(x)-a|<e
X=300

(20.26) lim f(x)=a e Ve>03D>0: Vx,x<-D=|f(x)-d|<e

X—r—oo

(20.27) lim f(x)=a < Ve>03D>0:Vx,x>D=|f(x)-a|<¢

X—r+oo

O BeckoneyHbl€ npe/eb

(20.28) ITpenen ¢ynkuun HaspiBaeTcsi GeckoneunpM, lim f(x)=oo,
x—x,

ecin VE>038>0: Vx, 0<|x- x5 |<8=|f(x)| > E
(20.29) lim f(x)=+eo,ecin

X%,

VE>036>0:Vx,0<|x—x,|<d= f(x)>E
(20.30) lim f(x)=—co,ecan

X%,

VE>036>0:Vx,0<|x-x,|<d= f(x)<-E

QO 3ameuareibHbl€ Npeae/ibl
. Sinx . .
(20.31) 11[!{1) —— =1 — nepBbIii 3aMeYaTeJbHBIH Npeje
X X

X n
(20.32) lim [1 + l) =¢; lim (1 + l) =e¢ — BTOPOil 3aMeyaTeJabHbIN
P X

n—oo n

npenen; e = 2,71828

i
(20.33) lim (1+x)x =e

(2034) lim B2 (1 %)

x—0 x

=log, e
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(20.35) lim U 2) g
-0 x

(20.36) lim "1 = Ina
-0 x

(20.37) lim &1 =1
-0 x

o
(2038) lim LX) =1 _

xr—0 x
(20.39) lim Vitxr-1_1
*r—)O X 2

0O BeckoHeyHO MaJibie H 6ecKoHeYHO OoblHe PYHKIHH

(20.40) Ecu lim a(x)=0, To o(x)Ha3biBaeTcsi GeCKOHEYHO MAJIOiA
T—)x

npH X — X,
(20.41) Ecim lim f(x) =eo (lim f(x)=—0, lim f(x)=+ee),T0f(x)

HasbiBaeTCst 6ecKOHeuHo 6OoJIbLION NPU X — X,

(20.42) a(x) — 6eckoneyro manas u o.(x) # 0 mpu x # x,

1
& —— — BeckoHeuHo Ooblias
o(x)
. a(x)
(20.43) Ecnu lim o(x) = lim B(x)=0u lim —— =1,710 0t (x)n B(x)
-1, 1o, 1, B( )
Ha3bIBalOTCA SKBUBAJIEHTHHIMU OECKOHEYHO MAJIBIMU IIPU X — X,
o(x)~B(x)

0 Ta6auua 3KBUBaJIEHTHBIX O€CKOHEYHO MaJibiX nipu x — 0
(20.44) x+ x* ~ x

(20.45) x +vx ~ Jx
(20.46) x +Vx + 22 ~Jx
(20.47) (1+x)" -1~ nx
(20.48) (1+x)° -1~2x
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(20.49) (1+x)° -1~ 3x
(2050) 1 +x-1-%

n
(20.51)\/1+x—1~%

(20.52) a* -1~ xlna
(20.53) e** -1~ ax

(20.54) e* -1~ x

(20.55) log,(1+ x) ~ xlog, e
(20.56) In(1+ x) ~ x

(20.57) sinowr ~ ox

(20.58) sinx ~ x

(20.59) sin” x ~ x”
3
(20.60) x -sinx ~ 3

(20.61) arcsinx ~ x
"
(20.62) 1 -cos x ~ ?

(20.63) tgx ~ x
3
(20.64) tgx —x ~ 3

3
(20.65) tgx — sin x ~ %

HenpepbIiBHOCTb (PYHKLIUM U TOUKU pa3pbiBa

(20.66) Oynxuusa f(x) Ha3piBaeTCA HEMPepbIBHOI B TOUKe Xy, ecau: f (x)
onpezenena B Touke X, 3 lim f(x), lim f(x)= f(x)
.r—).\‘.'u .t"'—).fo
(20.67) Oyukunst f(x) HaspiBaeTCS HeNPEPLIBHOH B TouKe X, CieBa

Cenpasay ccan_lim 1 (x)=/ () ( lim /()= 1 (s)

x—x,+0

(20.68) Kpurepwuit nenpepsiBHoCcTH. DyHKIUA f (1) HeTIPCPhIBHA B TOYKE

X< lim f(x)=/(x)= lim f(x)

x—xy—0 x—x,+0
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O Touku pa3pbiBa

Ecau B Touke X, He BBINOIHAETCSA XOTS Obl OIHO M3 YCIOBHI HElPEpbIB-
HOCTH, TO X, Ha3bIBAETCH TOYKOLI Pa3PbIBa.

(20.69) x, — Touxa pa3pbiBa 1-ro poaa, ecau

3 lim f(*r)El lim f(t) lim f(x):t lim f(x)

x—x,-0 XY+ x—x,-0 x=x+0

(pa3pblB Ha3bIBAETCA cr-:aln{om) IJTH €CJIN

3lim f(x),n0 f(xy)# lim f(x) nan f(x) He ompenenena
=1, Xou,
B X, (Pa3pbiB HA3bIBACTCS yCTPAHUMBIM)

20.70) x, — Touka pa3psiBa 2-r0 pojia, ec. 1y X0Ts Obl OJMH U3 MTPeeJIOB
0 pa3p P

lim f (x); lim f(x) GeckoHeuyeH HJIH He CylLECTBYeT.
x—.xp x—o1;+0

O CgoiicTBa (pyHKIHii, HENIPEPHIBHBIX HA OTPE3Ke
Ecnu pynkuus f (x) HenpepsiBHa B Kaxzaoil Touke oTpeska [a;b], To:

(20.71) f(x) orpaHuueHa Ha 3TOM OTpPe3Ke, TO €CThb
3M >0:|f (x)| < M Vxe [a;b]

(20.72) f (x) JAOCTHTaeT MHHUMASIbHOTO M MAKCHMAJIbHOTO 3Ha4eHH s Ha OT-
peske, To ectb 3o, B € [a;b]: [ () = rlmbrllf(x), f(B) = max f(x)

ab
(Teopema Beiiepuitpacca); b
(20.73) npu ycnoBun f(a)- f(b)<0 3ce(ab): f(c)=0

21. MNpoussoaHaa u aupdepeHyuan

MpoussoaHaa PyHKLUU

(21.1) Ecnn dynxuust y = f(x) onpeneneHa B HEKOTOPOil OKPECTHO-
CTH TOYKH X,, TO NPON3BOAHON (PYHKLHHU B TOYKE X, HA3bLIBAIOT
, Ay
npenen y. (X, X )= lim ==
penen y, ( ) f ( 0) Ar—0 Ax
Xy +Ax)— [ (4
=limf(0 )f(ﬂ)_

Ar—( Ax X3, X=X
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Ecau npenen koHeyeH, TO TOBOPAT, UTO B TOYKE X, (DYHKIHA UMCCT 1ipO-
M3BOAHYIO (KOHEYHYIO IPOU3BO/IHYIO)

0O BeckoHeYHble NPOM3BOIHbIE
. Ay
(21.2) Ecn lim " beckoHeveH (paBel oo + o) — oo ), TO TOBOPST, 4TV
Ar—( -

B TOYKe Xy QYHKLHA uMeeT OecKOHEUHYIO IPOU3BOLHYIO

Q OII,HOCTODOHHHG NpOH3BOJHbIC

(g +Ax) - f(x)

(21.3) fi(xp)= (% -0) = Al‘l-f)n-{) e — JieBast 1IPOU3-
BOJHAs
, y - [(x +Ax) - f(x)
(21.4) f (%)= f'(xp +0) = A{_l_l}lm o — mpaBasi Npo-
M3BOJHAs

Q YciaoBue cylniecTBOBaHHA MPOU3BOHOM PYHKIUK

215) ['(3) = A [ (30) = £} (1) = A

0O CymecTBoBanHe NPOU3BOAHON H HENMPEPLIBHOCTD

(21.6) Ecu cywectByeT kKoHeuHasi npousBoaHast f”(xy), 1o f(x) BTOuKe
X, HenpepbIBHA

O Ipou3BoaHbie OCHOBHBIX J€MEHTapHbIX PyHKUMI (TabiulIa Npou3-
BOJHBIX)

(21.7) ¢’ =0, ¢ — mocrossHHas
(21.8) ¥ =1

!

(21.9) (x") =ox®!, aeR

(21.10) (V) =2L
X

(21.11) [%J =—%

(21.12) (a"' )’ =a‘lna



72 Yacrb 1. dopmynei

r

(21.13) (ex) ="

(21.14) (log, ¥) =

xlna

(21.15) (In x)’ =%

(21.16) (sinx) = cosx
(21.17) (cosx)' =-sinx

(21.18) (tgx) = —;
Cos Xx

(21.19) (ctgx) =-

sin? x

(21.20) (arcsin x)’ =

(21.21) (arccosx)' = -

(21.22) (arctg x)’ =

1+ x°

(21.23) (arcctg x)’ = -

1+ 22

Q IIpousBoaHbie runepooaHYecKuX PyHKIuii

, e — ¥
(21.24) (shx) =chx;shx = 5

X

(21.25) (ch x)’ =shx;chx = € +26

-X

’ 1 sh x
21.26) (thx) = ——;thx=—=
( ) ( x) ch? x * chx

’ 1 chx
(21.27) (cthx) =- T cthx = g
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0 Mpasuna auddepenumposanus (u = u(x),v=v(x))

(21.28) (cu)’ = cu/, ¢ — NMOCTOSAHHAS

(21.29) (u % ) =u't?
(21.30) (uv ) u'v+ur
(21.31) (f2(@)) =2/ f (%)
(21.32) (3] =”“"2“”’, 2% 0
\ ¢ v
(1) __ [
(21.33) =-Z22 f(x)#0
\f(x)J fz (x) (x)

(21.34) (uvw)’ = u'vw + uv'w + uvw’
Q Ipoussoanas croxHoi pynkumn i(x) = f(g(x))
2135) W(x) = (f (8)) = f(8)-&.(x): K. =J; &,

0 IlpousBoaHas oO6paTHOM PYHKIMH

(21.36) Ecm y = f (x); 2= f7' (y), 10 (f"(y))‘ = Xy =—

O IlpousBoaHas PyHKIMH, 3aJaHHOM NapaMeTPHYECKH
Y,

?

(21.37)Ecmn x=x(t),y=y(t),a<t<b, 10y, =
x[
Q IlpousBoanas PpyHKIMH, 3aaHHOI HESBHO
(21.38) Eciu dynkuns y(x), a<x <b, 3anana B Buse F(x,y)=0, 1o

Y, (x) HaxonsT us ypaBHenus F, (x, y(x)) =0

0 IpouaBoanas nokasareabHo-crenenHoi Gynxuun (u(x)>0)

’

(21.39) (u () ) )

“) nu +—__v(x)u'(x) =u"Inu-v" +ou’t o
()] o (ema(e)+ LD
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r !

(21.40) (u") = (u”)

+(u*')

u=const

(1paBus0 /17151 3aNIOMITHAHUA)

r=const

’

(21.41) (x*) =x' (1+1n)

O Ilpou3BoaHbIe BHICUIKX MOPSAAKOB
(21.42) y’(x) — nponspoanas 1-ro nopsiaxa (nepsasi NPOU3BOJHAsA);

?

y = (y')' YT =(y) ey = (y(" ”)’ (BTOpasi, TPEThA,..., «3H-

Hasi» npoussoaHas, n€ N); y )(x) = y(x)

(21.43) (cut v)(") =cu'™ +ov™; ¢ — nocrosiunas

(1) _ X ok (k) (n-ky. ;b _ M1
(21.44) (w0) -%Cnu ] o “H(n=h)!

(21.45) (uv)’ =(u'v+ uv’)’ =uv+2ut +w”

(¢dopmyna Jleitbuuna)

(21.46) " =(ﬂi~] =Y "? T)ﬂf Aty =x(t), y=y(t),a<t<b
t ) X,

(21.47) x“) =o(o-1)(a-2)---(-n+1)x*" 0e R
(21.48) x”") =0;me N;n>m

(n)
(21.49) (@px" +ax" ' + .. +a )n =nla,

(21.51) e‘”) =o"e";ae R

(
(
(
(21.50) (at) lna a*
(
(21.52) (e)
: Yn-1)!

n

(21.53) ]nx)(") (_)

X

(21.54) (sinx)™ = sin(x + %]

(21.55) (cos x)(") = cos[x + %’3]
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Q @opmyanl Teiinopa u MakaopeHa

n f(k) 'TO) '
(21.56) f(x E (x-x5)" + R, (x) — dopmyna Teiinopa;

u-

£+ (xo +0(x - xp))

. n+l
R, (x)= (n+1)! (r-x) ;0<6<1
n (k)
(21.57) f(x z x +R, (r) — ¢dopMysa MaksopeHa;
A (Bx) -y
Rn(x)—Wx ,0(9(1

0O Teopema @epma. HeoOxoaumoe ycioBue akcTpeMyMa (PyHKIHH

(21.58) Ecin dynkuus y = f(x) nuddepennupyemMa B Touke x =
M NpUHUMaeT B 3TOH TOYKEe MaKCUMaJbHOE 11U MHHHMAJIbHOE
snavenne, 10 f'(c)=0

0O Teopema Posnsa
(21.59) Ecan dynkums y = f(x) HenpepbisHa Ha [a; b], indpepenuupy-

emaHa (@;b) u f(a)=f(b), 10 3ce (a;b): f'(c)=0

O Teopema Jlarpan:ka
(21.60) Ecan ynkums y = f (x) HenpepbvisHa Ha [a: b), auddepenuupy-
ema Ha (a;b), 10 3c€ (a;b): f(b)- f(a)=f'(c)(b-a)

QO Teopema Komu
(21.61) Ecam dynxman f(x) u g(x) neupepbiBubi Ha [a;b),
nuddeperunpyemst Ha (a;b) u g’ (x) # 0, 1o
7(0)-1(a)_ (0

dce (a;d): g(b)-g(a) g'(c)

0 Ipasuio Jlonuras A paCKpPbITHS HeolpeAeJeHHOCTel
(21.62) Ecmn lim f(x)= lim g(x)=0,dysxmmn f(x) n g(x) mdde-

PEHIIpYeMbI B OKPECTHOCTH (:7(1‘0 ). 8(x)#0, g (x)#0 Baroii
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okpectioctH 1 3 lim M , 70 3 lim /(x) M BBITIOJIHEHO pa-
oy g (1‘) X, g(x)
BeHCTBO lim M: lim f'(%)

x—x, g (x) Xy, g' (x)
AHaJIOrnyHOE NMPaBUJIO IPUMEHSETCS NPH

lim f(x)=lim g(x) =00

X=X, X=X,

QO YpaBHeHHe KacaTeabHOM K rpadpuky PyHKIHU
(21.63) y -y, = (%) (- %)

d ypaBHeHHe HOPMAJIH K ['paq)chy (by}“{u“"
(21.64) (y - yo)f’(.x'o) +(I - 1‘0) - O

Anddepenunan pyHkUUM
(21.65) Ay = f(x+ Ax) - f(x) — npupamenue GyHKUHK
(21.66) Ecin Ay = AAx + o(Ax) Ax, tae A — umcno, lim o(Ax)=0, 10

Ax—0
dyHkUMIO Ha3bIBalOT AudepeHPyeMO B TOUKE

(21.67) f'(x) cymecTByet u koHeuHa <> f (x) anddepeHnnpyema
(21.68) dy = f'(x)Ax = f'(x)dx — nmuddepenunan dyskin
(21.69) dx = Ax

(21.70) d(ow) = o - du

(21.71) d(utv)=du t dv

(21.72) d(uv) = udv + vdu

vdu — udo

(21.73) d(E] = 0
i)

v

(21.74) NnBapuantHoctb hopMsl middepeniana nepBoro nopska: ecii

y=f(u);u=9(x),10 dy = y.dx = y,u,dx = y,du

0 Hpubankxennsie BbIMHCTIEHH ¢ NoMolbio Auddeperuuana
(21.75) f(xp+Ax) = f(xp)+ f'(xp) Ax
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0 JuddepeHunansi BBICHHX MOPALKOB

(21.76) d'y =dy = [’ (x)dx

@1.77) dPy =d(dy) = ["(x)(dx)’ = f*(x)dx’; dx’ = (dx’

21.78) d"y =d(d""y) = f") (x)(cx)" = £ (x)da"; da" = (dx)’
O BoipaxceHue MPOM3BOJHBIX Yepe3 nudPepeHnHaIbl

dy d2y (n) d"y
21.79 =— = =
( )Y i’ Y = R Y x

22. HeonpeaeneHHbIX UHTErpan

Q IepBooOpa3nas

(22.1) F (x) Ha3biBaeTcs neppo0OPasHoH A1 f (x) Ha3anaHHOM Npome-
xyTke, ecin 3F (x) u F'(x) = f(x)

0 HeonpeaeaeHHblil HHTErpai
(22.2) I f(x)dx=F (x) +C; C — npou3BoJibHadA MOCTOAHHASA

0 CpoiicTBa HeolpeReJeHHOro HHTerpaia

223) ([ f (x)dr) =/ (2)

(22.4)d| f (x)dx = f (x)dx

(22.5) [ F'(x)dx=F(x)+C

(22.6) [dF (x)=F(x)+C

(22.7) [ Af (x)dx = Ajf(xdx A#0

(228) [(f(x)* de = [ f(x)dx£] g(x)dx

O Ta6amiia HHTETPaJoOB
(22.9) j 0dx=C

(22.10)j1dx=jdx=x+c
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(22.11) [(ax+b)dx = %xz +bx+C

a,

(22.12) ..(aox" +ax" .+ an)dx = ™

n+1
o+1

(22.13) [x%dx = ;1 +C, ae R a#-1

2.14) (L =In| x| +C
X
o1 1
(22.15) [—dr=-—=+C
L x X

1
2216) [—dvr=2Jx +C
R

22.17) |
“1+x

S | | X
(22.18) | T, dx=;arctg;+c
S| 1
(22.19) [—dr=—In

‘x —-a 2a

1

5 dx =arctgx +C

X—a
xX+a

+C

dx = arcsinx +C

(22.20) |

1 - x?

(22.21) j\/__

dx = arcsmx+C
(2222)[\/_ -ln’x+\}x2+a
1‘

A

+C

(22.23) | [ a*dx = +C

Ina

(22.24) [e'de=e€" +C
(22.25) .'sin xdx = —cosx +C
(22.26) .'cosxdx =sinx+C

a
1,4

n

x"+..+ax+C
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(2227)] dv=tgx+C

CO§ X

(22.28) [

v '2
Sin” X

(22.29) _'sh xdv=chx+C

dx=-ctgx+C

(22.30) [chade=shx+C

(22.31) '-%—dx =—-cthx+C

“sh”x

(22.32) |

“ch®x

de=tha+C

0O MeToa MHHTErpUPOBaHKA C MOMOLIbIO 3aMeHbI IlepeMEeHHOM
(22.33) Meton nonBeneHus noj 3Hak nuddeperinana:

[F(o(x))9'(x)dx = f((p(x))d(p(x): [ f(u)du

u=@(x)
(22.34) [ f(x)dx ) =[7(e() e ()| _ o
(22.35) [ f(x)dx ol = [/ (0™ () (o™ )) dt "
Q Merton umerpnpoaauua 10 YaCTAM
(22.36) I (x)dx=u(x)e (x)—jv(x)u’(x)dr
(22.37) Iua’c =ue - Ivdu
Q I/In'rerpuponaﬂue pauMOHAIbHBIX Apobeii
(22.38) ( ) men ( dx+jR A);mzn;l-:n;
P, (x);Q,(%); Spon (x): Ry (x) — MHOTOWICHBI. IQ"((:;))

79

CBO/IUTCA K CYMM€ MHTErpaJioB OT H])OCTEHLI.IHX pallHOHa/IbHBIX

npobeii METOIOM HEONpeneIeHHbIX KO3(hHIIHEHTOB
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0 MHTerpupoBanie NPOCTEHIIMX PAIMOHAIbHBIX Apo0eil

dc=Aln|x-al|+C

(22.39) IIpocreitmiast 1pobs 1-ro THna: I
x-a

(22.40) IIpocreitmas 1pobb 2-ro THMA:

A dx = - 4 : +C; neN;n=>2

(x-a)" n-1(x-q)"

(22.41) TIpocreiias 1pobp 3-ro TMNa:
Ap

B -
s dt + [ 2 dt :
£ +a

Ax+ B
Ix2+px+qu '[t +a’

2
p2-4q<0;t=x+-§;a2 =q—(£] >0

(22.42) IIpocreitmasi 7pobb 4-ro THMA:

J- Ax+ B "AI [ _pA]J- dt
(x2+px+q) (t +a2)n 2 (t2+02)n
neN;nEQ;p2—4q<0;t=x+£;a2=q—(£T>0
2 2
tdt 1
(22.43) = —+Cin22
j(t2 +a2)n 2(:1—1)(1,‘2 +a?)irr 1 "
(22.44) =
I(t +a2)

1 1 1 dt
B +—| 1= n>2
202 (H—I)(t2 +02)”'1 a2 { 2(?@—1)Jj (t2 +az )n—l n

0 HnTerpabl OT HEKOTOPBIX PalMOHAJIbHBIX Jpo0eii

=1ln|ax+b|+C
a

=£—%ln|ax+b|+c
a a
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(22.47) aetbg, 8, e adln|cx+d|+C
Yexr+d C
(22.48) [ a5 B TN .1 P, Ay
-(x+a)(x+b) a-b |x+a
(2249)_[ 25 . (aln|x+a|-bln|x+b|)+€;aatb
x+a)(x+b) a-b
T 1
22.50 dx=—In|x* +a*|+C
( )'x2+a2 2n|x al+
a2
(22.51) 3 2c:bt‘ x-a- arctg L +€
x°+a
(22.52) [—; de 1 [2arvboNb dac), g
ax’ +bx +c Vb% - 4ac 2ax + b+ Vb - dac
b% —4ac>0
‘ dx 2ax + b
(22.53) arctg ——— -4ac<0
Yax’ +bx+c \ldac b? Vdac - b*
. dx 2 5
22.54 =- +C; b°-4dac=0
( )'ax2+bx+c 2ax + b “
(22.55) ' 2xdr —-—lnlax +bx+c| L] ; i +C
Yax* +bx+c 2a 2a° ax® +bx +c
2
1 | (x+a) 1 2x-a
22.56 dx = In + arct +C
( )'x3+a3 6a’ ¥ -ax+ad agsﬁ & a\ﬁ
. 1 ¥ —ax+ad’ 1 2x —a
22.57 Y de=—In + ——=arct +C
( ). 2 +a 6a (J|f+.‘:z)2 a3 & a3
(22.58) [ dx=11n|x3 +all+C
v +a 3
(2259)I—~——dx= . 2x = L arctg£+C
a

2 2 3
x +a2) 2a° x"+a° 2a
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1 1

X
22.60) | — —dx=——- C
( )J‘(xz_kaz)z T x? +ad’
(22.61) j-—_—z—dx=—-——’-‘f—~—+—1--arctg:"’-+c
(+* H,z)? 2(1’2+a2) 2a a
X 1 |a+ x|
(2262) [—1 g = +——In +C
"l(jL _02)2 2a* (a —12) 4a® la- 1»’I
(22.63) j—_——zdx=——~—1—,—+c
(+* -a2) 2(a* - +*)
x° x 1, |a+x]
(22.64) [—X—_dy = ——In +C
Ixz_az)z 2(02_1-2) 4da |a- x|
O Hurerpajinbl OT HEKOTOPBIX HPPALHOHAIBHBIX PYHKLIHH
(22.65) 'Jax+bdx=33 (ax+b)’ +C
v /]
. -2b
(22.66) x«/ax+bdx=2(3f:2 ) (ax+b)3+C
’ a
(22.67) | de=2Jar+b+C
“Nax+b a
(22.68) [—= dx=g—£-a—x;22i)Jax+b+C
“NJax+b 3a
2
(22.69) _[\/x2+a2dr=g\fx2 +a’ +%—ln‘x+\/x2+a2 +C

. 3

(2270) [ ++? +a2dx=% (x+a2) +C
X : : 2

(22.71) | Va® -xzdr=g-\fa2 - x +9—2—arcsin£+C
- a
. 3

(22.72) [xVa® - x*dx = 1 (a2 -xg) +C

3
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0O HHrerpaibl OT HEKOTOPBIX NMOKA3aTeIbHBIX H JIOrapiu(pMHIECKHX byuxapi

(22.73) [e®*bdx = Lp L,
* a

(22.74) [xe*dx =€ (x-1)+C
(22.75) x"e*dx = x"e" - nI ¥ levdy + C

(22.76) .'¢5°Jr sin xdx = 16" (sinx - cosx)+C

- Do

(22.77) [ e* cos xdx = ~2-ex (sinx+cosx)+C

(22.78) [Inxdx = x(Inx-1)+C
(22.79) [In? xdx = xIn® x - 2xlnx+2x + C
(22.80) .'ln" xdx=xIn" x - :rzjln""1 xdx+C;n# -1

(22.81) .xlnm=x2(%lnx—%J+C

(22.82) [ 2" Inxdy = x™! lnx _ 1 S|+ C
n+l (n+1)

0O HUHTerpasibl OT HEKOTOPbIX TPHTOHOMETPHYECKHX DyHKIMH

(22.83) (sin? xdx = % - zii-sin 2x+C

(22.84) [sin® xdx = %cos3 x—cosx+C

-~ 1 n_l —
(22.85) |sin” xdx = - oh _YCOX I 1 J.sinl"‘2 xdx +C
. n n
22.86 de=--2% Lile+c
( ) ’[Sln x 2smzx 2 g2
1 CoS X n-—2 1
22.87 =— . + dc+C
( )Imn x n-1 sin"'x n- 1Jsm 2 x
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i 9 x 1.
(22.88) |cos” xdx = 3 + 3 sin2x+ C

(22.89) [ cos® xdx = sinx - %sin3 x+C

Vysinx n
+

n

(22.90)  cos” adx = <2 nl I(:os"_2 xdx +C
y n

1 sin X 1 X T
2291 dx = +—=In|tg| =+—=|+C
( )'[cos?’x 2cos® x g(?- 4}
1 sinx n-2 1
2292 dx = . + dx+C
( )'[cos"x n-1 cos"! x n—l‘[cos"'zx
, _ sin(m+n)x sin(m-n)x 5 9
(22.93) jsmmxsmnxdr=— + +Com° #n
2(m+n) 2(m - n)

(22.94) Jsinmxcosnxdx =

(22.95) Icosmcosmcdr = sin(m + n) x + sin(m - n)x +C;m? #n?
2(m+n) 2(m - n)

dx 1 bsinxﬂacosx+\fa2+b2|
(22.96) [— = In : +C
' asinx + bcosx 1/‘22_*_5,2 asinx + bcosx l

(22.97) [tgxdx = —In|cos x|+ C
(22.98) (ctgxdx = In|sin x|+ C
(22.99) [ arcsin xdx = xarcsinx +V1-x* +C

(22.100) [ arccos xdx = xarccosx —V1-x° +C
(22.101) _.arctgxdx = xarctgx — InV1+ ¥ +C

(22.102) [ arcetg xdx = xarcctgx + InVi+ 22 +C
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23. OnpeneneHHbI® UHTErpan

0 CBA3b ONpeieIeHHOTO U HeoNpeAeIeHHOTO HHTerpaja
(23.1) Ecnu f (x) HenpepbiBHa Ha oTpeske [a;b), To byHkums

_[ f(t)dt — onna u3 nepsoobpasubix 115 f (x), To ecTp

e

(23.2) _[f(x)dx =If(t)dt +C; x€[a;b]; C — nponsBonbHas MocTo-

AHHadA

= f(x); x€|[a;b}

0 @opmyaa Heiotona-Jleiionuna

(23.3) f f(x)dx = F(x)[ = F(b)~ F(a)

Q CaoiicTBa onpeieieHHOro HHTErpaJja

(23.4) j}.idx=_idx=b—a

(23.5) Tf(x)dx =0

a b
(236) [ f(x)dx=-[f(x)dx
b a
(23.7) b-f(x)dx j x)dx + If ) dx (anaUTHBHOCTD)
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(23.10) Ecau f(x) — uerHas, TO If(x)dx = 2If(x)d:r
-a 0

(23.11) Eciu f(x) — HedyeTHas, TO I f(x)dx =0

O OueHKH 3HaueHHA oMpe/ieIEeHHOro HHTerpajia (a < b)

b
(23.12) f()20a<x<b= jf(x)dx >0
b b
(2313) f(x)sg(x);asx<b= [ f(x)dx < [ glx)dx

(23.14)

b
J f(x)dx

b
< {1 f(x)dx

b
(23.15) m< f(x)SM;a<x<b= m(b-a)sjf(.r)drs M(b - a)

(23.16) Ecnu f(x) nenpepoisHa 1a otpeske [¢;b], o

b
dce (a;b) : jf(x)dr = f(c)(b - a) (Teopema o cpenHem)

Q METOI], nmerpupoaannﬂ C IIOMOIIbIO 3aMEHDbI IIGpEMt‘.HHOi'l
o(h)
(23.17) j f(o0))@'(x)dx = | fludu
¢(a)
o(p)
(23.18) j f(x)dx = jf O()) ¢'(t)dr

@(ox)

Q MBTOZ[ HHTErpHpPOBAHHA 110 YaCTAM
h

h
(23.19) Iz;(x)z:’(.t')dr = u(.r)z:(x)|2 - Iv(.r)u'(.r)d;r

fl

(23.20) Iudvzuzr| —Izdu

i
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O Beiuucaenne miomageii, JJIMH AYT ¥ 00bEMOB C IIOMOLIBIO OMPeeIeH-
HOTO MHTerpaja
(23.21) BoiyucieHne nioliaad KPUBOJIMHEITHON Tparelyu, OrpaHUY€eH-

HOM rpadukom HenpepbiBHOIT pynkuun f(x), f(x)20;a< x < b,

b
U NpsIMbIMU x=a; x =b, y =0: S=If(x)dx
a

(23.22) Beiuucienue nionaid KpUBOJHHEITHON Tpaneuuu, orpaHu-
yeHHOH rpadukoM QYHKINH, 3alaHHON B NapaMeTpHYecKOH

p
bopme x = ¢(t); y = w(t); a <t <B: S = [y(O)g'(t)dt
(4 4
(23.23) Beruncnenue nnomand KpUBOJUHEHHOTO CEKTOPa, OrpaHUYeH-

HOTO TpaMKOM HenpepbiBHOW QyHKUUH 7 =7(Q) W Jy4aMH
0=0,¢0=pB0<a<P<2n (B nONAPHBIX KOOPAHHATAX):

18,
=5 ] @)o

(23.24) Brruucnenue JIMHBI IyTH KPUBOH, 3aJaHHOIT HENPePHIBHO# PYHK-
uueit f(x), uMeroneit HenpepsIBHYIO IPOU3BOAHYI0, A< X < b:

b
L =j 1+ f2(x)dx

(23.25) Beraucienne LIHMHBI yTH KPUBOH, 3alaHHOM QyHKIHEH
B napameTpuyeckoii popme x = @(t); y = y(t); <t <P

B
L=[Jo? @)+ v @)t

(23.26) BeiuucneHue AJMHBLI AYTM KPMBOH, 3agaHHON dyHKIMei
r = r((), UMelIel HeNPEPHBHYIO NMPOU3BOAHYIO B 00acTH

§
onpenenenus o< Q<P: L= I\/r((p) + 2 (9)do
o

(23.27) Broiuucnenue o6beMa Tena BpallieHHs, 00pa3oBaHHOTO KpUBOJIHU-
HeitHol Tpaneineii, orpaHHYeHHOU TPadUKOM HenpepbIBHOM HEOT-
putateabHoi yHkuun f(x);a<x<b unpampiMu x =a; x = b

b
npu BpaiieHun Bokpyr ocu OX : V = RI f3(x)dx
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(23.28) Boruncaenue obbeMa Te1a yepes MIoIaib MonepeyHoro ce4eHus

b
S(x), nepnennukyasipHoro ocu OX : V = IS(x)dx

(23.29) BriuuciaeHue naouaiu NOBEPXHOCTH TeJjla BPAIllleHHS,
06pa3oBaHHOrO rpaMKOM HeTpephIBHOM, HMeoleli Henpe-
PBIBHYIO IPOU3BOLHYIO, HeoTpHlaTenbHoi Qynkuuu f(x)
npu BpaiieHuu Bokpyr ocu OX B 00J1acTH Onpe/eeHus

b
a<x<bh: S=2:rt_[f(:r) 1+ f2(x)dx

(23.30) Beruucienune nioniaay NOBEPXHOCTH TeJia BpallleHus,
obpaszoBaHHoro rpadukom GyHKIUKH, 3aJlaHHON B mapa-
metpuyeckoit popme x=@(t); y=y(@); y() 20, a<t <B:

B
$ = 2 WO () + v (Ot

(23.31) Brruncnenue mionaau NoBepxXHOCTH TeJIa BpallleHus,
06pa3oBaHHOro rpa)HKOM HENpEPLIBHOM, HMEIOLIei
HeNpPePBIBHYIO NPOU3BOIHY0, GyHKIuHu 7 = r(¢) B obac-
TH onpezienenusi o < @ <, npu Bpanennu Bokpyr ocu OX:

b
S =2nfr(9) Sin(@r* (9) + "2 (9)do

24. HecobcrBeHHbIE UHTErpanbl

0O HecooOcTBenHbie HHTErpaJbi 1-ro poaa

(24.1) Ecnn f(x) HenpepbiBHA NPU @ < X < +oo , TO HECOOCTBEHHBIM HH-
TerpajioM 1o 6€CKOHEeYHOMY IIPOMEXKYTKY Ha3blBalOT

+oo B
[ f(x)dx = Jim [ f(ayax = Jlim F(B) - F(a)
(24.2) Ecan f(x) HenpepbiBHa pu —<= < x < b, TO

b b
Lﬂx)dx = lim_ £ f(x)dx = F(b) - lim_F(4)
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(243) [ f(x)dx= [ f(@)dx+ [ f(x)dx, Ve ce R

(24.4) _[ xiudx .IIpu o > 1 unrerpan cymectByet (cxonurcs), npu o < 1

i
MHTETPaJl PaCXOXUTCS

(24.5) IlpusHak CXOAMMOCTH M PacXOAUMOCTH HeCOOCTBEHHBIX MHTe-
rpajioB 1-ro pona (npusHak cpasrenusi). eciu 0 < f(x) < g(x) npu

a < X < 450, TO U3 CXOIMMOCTH I g(x)dx cnemyer cXoauMOCTb I f(x)dx,

+oo o0
U3 PacXOJUMOCTH I f(x)dx cnenyer pacxonuMocCThb _[ g(x)dx
a a

0O HecoOcTBeHHbIE HHTErpajibi 2-r0 poJa

(24.6) Eciu  f(x)HenpepsiBHa npu a<x< b, li%nof(x) = oo, TO He-
x—b-

COOCTBEHHBIM HHTErpajioM OT Pa3pbIBHON (PYHKIIMH HA3BIBAIOT
b b-%
[fydx = lim [ f(x)dx
" 3—+0 "
(24.7) Ecin f(x)HenpepbiBHa nipu a < x £ b,

b b
lim f(x)=co,10 [ f(x)dr = lim [ f(x)dx
a AAPYE

x—a+0
(24.8) Ecan f(x)nenpepbiBHa npu a £ x < b, KpOMe TOYKH

b c b
x=c; lim f(x) =<0, 10 [ f(x)dx = [ f(2)dx + [ f(x)dx

1
(24.9) I iadr. Ilpn 0 <o <1 uHTErpan cyuiecTByeT (CXOAUTCS), NpH
0 X

o 21 uHTerpan pacxoauTCs

(24.10) ITpusnak cXOAMMOCTH U PAaCXOAUMOCTH HECOOCTBEHHbBIX MH-
TerpayioB 2-ro poja (npusHak cpaBHenus): ecan 0 < f(x) < g(x)
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npu a < x<b, llm f(:t) llm g(:t) = oo, TO U3 CXOLUMOC
b b
g(x)dx crnepyetr cXOXHMOCTD j f(x)dx, ua pacxomumocTn

a a

b b
[ f (x)dx cnenyer pacxoanmocThb Ig(x)dx

Q NamMma-PpyHkuus

+co

(24.11) I' (x j e 't* \dt — cxonntes npu x>0
0

(24.12) T(x)>0; T (x +1) = 2T (x) npu x>0

(24.13) F(%)= Jr; r1)=T(n+1)=nlneN

Q 3HayeHus HEKOTOPbLIX HeCOOCTBEHHbIX HHTEIpajoB

|
|
2414) | —=dx =2
( )L/;

1
(24.15) | L =T
) 2

T
(24.16) [ S dr=1
1

X
o
2417 =T
( )_'!;1+x
+oo o
(24.18) [ e dr= ﬁ; a>0
! 2a
+msma:x n
(24.19) | dc==:a>0
! 2
(24.20) fe"” sin nrdx=—2n—2;a>0

5 a‘ +n



25. HYacTHble npouseogHbie U AuddepeHumanst YHKUMIA HECKONLKUX NepeMeHHbix 91

25. YacTHble NpomM3BOaHbLIE

n auddepeHuManbl GYHKLMN
HECKOIbKUX NepeMeHHbIX

0 YacrHas npoussoaHan pyHxkumn u = f(x,%,,..,4,) MO NEPEMEHHOI
X, BTOYKe (X}, %,,... X,

(25.1) ——J—f—-u,‘k

X,

-~ m S (e X Xy + AV, X g X, ) = f (0 X, 2, )
&I'k—-)l] A‘_k

0 IIponssoHas Gyuxkwumn u = [ (xy,x,,...,x, ) N0 HANPaBIEHHIO
I[(cos a; cosB; cosY)

(25.2) % = %cosa + g}; cosf + %cow

0 YacTHbie npouaBoanbie GyHkumu u = f(x,x,,..,x,) BBICIIETO MO-
paaka

(25.3) aa (af]=azf,' J (E)f ]= o/ . T

3 f) °f. 8 ( 3 ) ¥/
25.4 — = — .. UT. NI
( ) alj (al’lz ) ax]d 81] 8.1‘1 a.xz a:r-fax 9 II

n-1 n n-1 n
(25.5) J [8 f}za J .9 [ o J J: o/ S Y
ox,

- ' j ) — ’
ox,"' | ox Ox;| ox,"ox, | dx,"'ox,

O INosHas NPOU3BOAHAS COKHOH QYHKUUH

(25.6) u= f(xy,%y,..,%,), x; =@, (t);

df _9of do\ of do, . of do,
dt  0x, dt ox, dt =~ Ox, dt

“n
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(25.7) u= f(t,xg,...,x ), x; = 0;(t);

df _of  of de, . of do,
dt at ax, a ox, dt

0O YacrHbie NPOU3BOAHDBIE CHOKHOM PYHKIUU
(25.8) u= f(x.29,...,x,), x; = @; (¢, 85,0t ):

of _f 0 of 00 O 0. ,_yog ..
atk 311 atk 8x2 atk ar atk o

Q Yacrasie nuddepenunans ynkuum u = f (x,29,..., X, )

(259)d,f = g—fdxi; i=12..n

i
Q Hoausiii Aupdepenunan dyuxwnn u = f(x,xy,...,%,)

(25.10)df-afd1 L+ L

X, 0x, ox,

0 duddepenuuansi n-ro nopsaaka pynkuun u = f(x, y)
f of
25.11) d -—- + —d
(25.11) df %
2 _ azf 2 azf ZJ dx 2f
(25.12) d*f = =5 (dx)" +2 o dy+ay (dy)”

(25.13)d3f = 83—{(‘5&)3 +3 a3_f(dx)2 dy +

ox dx*oy
L e (dy)f + 2L (ayy
axay o>
ne Of " 9" f n-1
25.14) d"f = =L . (dx de)" " dy + ...
(25.14) d"f = ==+ (dx) +nax,,_,ay( ) dy+
+ n(n-1)..(n- k+ 1) aﬂf (dx)n—k (dy)k o+ 8"{ (dy)n

k[ axn-kayk
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Q Dopmyaa Teiutopa aaa pynkumn u = f(x,y)
(25.15) Af = f(x+Ax,y +Ay) - f (%) =
_d(xy) Ef(xy), | df(xy)

+ R
1! 21 n! "
d" f (x + 0Ax, y + 6A
R, = flx yr y); 0<6<1
(n+1)!

0 Heo6xoanmsie ycioBus akcTpeMyma Gynkumn u = f (x,y)
(25.16) Ecau B Touke (xy,y,) bynkuns u = f(x,y) vmeeT Makcu-
MYM HJIM MUHUMYM M CYlECTBYIOT YaCTHbI€ IPOU3BOAHbBIE

af(x{):yo) af(xmyo) 10 af(xosyo) _ af(x{):.%)
ox dy ox dy

B KOTOPbIX BCE€ YAaCTHbIE€ IIPOU3IBOJAHDBIC 1-ro IMopsaAKa paBHbI
HYJI10, Ha3bIBAIOTCA CTAllHOHAPDHBIMH

= (. Toukn,

O JocraTouHbie ycaoBus akctpeMyMa Gyskunn u = f(x,y)
(25.17) EcJim BOKDPeCTHOCTH CTAlOHAPHOI TOUKH (g, Yo ) cylmecTBYIOT He-

NpepbIBHbIE YACTHBIE IPOM3BOAHBIE GYHKIMHM u = f (1, ) mepBoro
¥ BTOPOTro NOPSAAKa, TO:

— npu yenosun B? - AC <0; A>0 B Touke (xg,y,) dyHxuns
uMeeT MUHUMYM;

— NPH YCJIOBUH B> - AC<0; A<0 B Touke (x(,. yo) yHKIHA
MMeeT MaKCHMYM;

— niput yeaosun B — AC > 0 B Touxe (%9, ¥p) 9KCTpEMyMa HeT.

0" f (%0, %) . B= azf(xo’yo).(;-: 0*f (%0, %)
ot oxoy oy’

O YpaBHeHHe KacaTeIbHOM IVIOCKOCTH M HOPMAJIH K IOBEPXHOCTH
z=f(xy) BTOUKE (X¢; Y952 )

0] - ¢ LN ) (2 2) =0
- Xy Y=% _2"%
f(xo:yu) af(xo;y{)) -1
ox dy

3necs A=

(25.18) x-xy)+

(25.19)
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26. KpaTHble MHTEerpanbi

Q BbruncieHne ABOHHOro HHTETpaJia Yepe3 OBTOPHbIE

b( ¥(x) b y(x)
(26.1) ”f(x,y)dxdy:j I f(xy)dy dx=_[dx f f(xy)dy;
D al| y(x) a y(x)

D_{ansb
Ny ()< y <y, ()

1(y) d %(y)
(26.2) Hf(x,y)dxdyzji{ | f(x,y)dx]@=jdy [ f(xy)dr;

c| x(y) ¢ x(y)
D:{csysd
% (y) S x<x,(y)

O CaoiicTBa ABOHHOIO HHTEIpaja

(26.3) Hf (x,y)drdy = Hf X, y) dxdy+ﬂf x, y ) dxdy (aTMTHBHOCTB),
D, D,
D D, u D,; D, u D, He nmeioT o011X BHYTPEHHUX TOYEK

(26.4) H Af (x,y)dxdy = A”f(x,y)dxdy ; A — MocTOgHHaA

(26.5) _U (xv,y)tg(xy) dxdy=Hf(x,y)dxdy+ﬂg(x,y)drdy

(266) f(xy)<g(xry)= ﬂf(x,y)dxdy < Hg(x,y)dxdy

(26.7)

< g |f (x.y)| dxdy

[[ £ (x.) dudy

O BeluncieHue JBOHHOrO HHTErpaja B NOJIAPHLIX KopauHaTax (cM. (13.1))
(26.8) Hf x,y)dxdy = ﬂf (rcos@,rsin@)rdrdg =

D,
r (@)

B
=Id(p j f(rcoso,rsing)rdr
e (e
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O Beiuucaenne miomaeii U 06beMOB C NIOMOLIBIO IBOWHOIO HHTErpaja

(26.9) Boruncnenne nnouniaau puUrypsl, orpaHHuYeHHOMH rpaHuIei obac-
™ D: §= ﬂdxaﬁ»
D

(26.10) Boiuncrenue ob6bema IMAMHAPUYECKOI (DUTYPBI, OTPaHUYEH-
Hoii obnacteio D u rpadmkom dyHkuuu z = f(x,y)20:
V= ([ f(xy)ddy
D

O BbiyKucieHne TPOHHOro HHTErpaia Yepe3a NOBTOPHbIE

ACIEAEY)

b
(26.11) [[[ £ (9. 2) drdydz = |
Vv

f(xy, z)dz}dy]dx =

a\ y(x)\ z(xy)
b y(x)  2z(xy) asx<b
=J'dx j dy | f(xyz2)dz; V:{y (x)<y<y,(x)
a  ylx) z(xy) 7z (xy)Sz2< 2 (xy)

Q CsoiicTBa TPOHHOIO HHTErpaja

(26.12) ‘mf(x y,2)dvdydz =
v

”If(x, y,2)dndydz + Ijjf(x Y, 2z) dxdydz (anaMTHBHOCTD);
Y .

v,

V=V,uV,; V| n V, He nmeroT 061X BHYTPEHHHX TOYEK

(26.13) _['.'Af(x, y,2)dxdydz = A_mf(x Yy, z) dxdydz
v v

(26.14) I(f(:r, y,2) + g(x,y,2)) dxdydz =

- ﬂf(x Y, 2) dodydz + mg(x, y,2)dvdydz

f
(26.15) f(x,y,2) < g(xy.2)=

= m f (% y,2)dvdydz < H_[ g(x,y,2) dydydz
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(26.16)

ij(x, y,2) dxdydz

< J.!ﬂf (x,y, z)| dxdydz

O BerynciaeHHe TPOMHOrO HHTErpajia B IWIHHIPHYECKHX U chepuyecKux
kopauHatax (cM. (13.4)-(13.6))

(26.17) ﬂf(x Y, 2) dxdydz = _mf(rcosm,rsin ¢, 2) rdrdodz
v V,

(26.18) [[[ f (x.y,2) drdydz =
4

= Hf(rsin @cos ¢, 7sin Osin @, 7 cos 8) 7* sin Odrdpdd
Y

(26.19) [[[ / (x,y, z) ddydz =
Vv

= ”f(r cos 6 cos @, 7 cos Osin @, 7 sin 9)1’2 cos Odrdpd©
Y

Q Boryucienue 06eMOB € MOMOINBIO TPOITHOrO HHTErpajia

(26.20) V = [[[ dxdydz
Vv

27. KpuBonvHeKHbIe
M NOBEPXHOCTHbIE UHTErpasbl

Q BbiyucieHue KpHBOﬂHHEﬁHHX HHTETrpaJioB i-ro poaa

27.1) [ f(x.y,2)dl =
L

@12) [ f(xy)d = [ 1 (2(0)y O O + (v () de

@73) [ f(xy)dl = [ f(xy ()1 + (¥ ()
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0O BeryncaeHHe KPHBOJHHEHHBIX HHTETpaJioB 2-ro poja
(27.4) IP(x; y;2)dx+Q(xy;2)dy + R(x;y;2)dz =
L

= | (Px’(t) + Qy'(¢)+ RZ'(t))dt; P=P(x(t);y(t);2(t));
Q= Q(x(t);y(t);z(t)); R=R(x(t);y(t);z(t))

(27.5) jP(x;y)dx +Q(xy)dy =
L

O @opmyaa I'puna

(27.7) g[%% - %)dxdy = {,de +Qdy

Q Bbrunciexnue NNOBEPXHOCTHBIX HHTErpaJjioB 1-ro poJaa

(278)ﬁf %,y,2)dS = jjf (x,9,2( xy))‘j (gi] (g;]dxdy

O BoruuciieHne NOBEPXHOCTHBIX HHTETPaJioB 2-To poja

(27.9) ﬂ Pdydz + Qdzdx + Rdxdy = H(P cosa +Q cosP + Rcosy)dS;
s s

n = (cos a; cosp;cosy)

0O @opmyaa Crokca
(27.10) JP (xy,2)dx +Q(xy;2)dy + R(x;y,2) dz =

dR dQ dP OR dQ oP
_ﬂ[(——-——-] +(§; axJ 03[3+(a—x—@]cosv]d5
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(27.11) §a-dr = [[n-rota dS

QO ®opmy.a l'aycca—Ocrporpaackoro

(27.12) jjpdydz+dedx+Rdxd m(ap 833 %R]dxd d
(27.13) §pa - ndS = [[[diva dv
S V
28. AudpepeHumnanbHbie

onepaluvm BEKTOPHOIro aHasimsa

QO Oneparop 'amuibTOHa

= d d
281) V=i— ——+k—-
(28.1) ’a +Jay 0z

Q I'paguenT PyHKIUH

o U 3
(28.2) grad f = Vf-za +]ay+kaz

O IlpousBoanast PyHKIMHU 10 HANPABIEHHIO

(28.3) = f lVf-a—f~cosa+£cosB+9—[-cosy
ox dy 0z

0 JuBeprenuus Bektop-pynkumu a(x, y, z) ={ a.a,a, }

- - 9a. 9a, oda
28.4) diva=V-a=—+—2L+
(284) diva=V-a== S %

2

Q Porop BekTop-pyHKIHH a(x, Y,2) = {ax;ay;az}
i j k
- - |0 d 4

285) rota=Vxa={— — —
( ) rota X a o 9y %

a

x @ /] a,
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0 Onepartop Jlaniaca. lnd¢pepenunanbHbie onepanuy 2-ro nopsanka

2 2 2
(286) V-V=V2=A= 32 + 32 + 32
ox® oJy° 9z

— onepatop Jlannaca

a?f a2f a2f
28.7) Af = + +
(28.7) &f ox’  9y? 92

(28.8) div(grad )=V -Vf = Af
(28.9) grad(dive) =V (V-a)
(28.10) rot (gradf)=Vx(Vf)=0
(28.11) div(rota) =V-(Vxa)=0
(28.12) rot(rotc_i) =V X (Vx Zi)

29. Yncnosblie U CTeneHHbie psaabl

Yucnosbie pagbl

(29.1) BolpakeHHe BUA Y. a, = @ + @y + ... + @, + ... HA3bIBAETCS YHCIOBBIM
pAAOM n=1

O Cxoasmuecs U pacXoAANHECS YHCIOBBIE PAIbI

n
(29.2) §, = Zak =@q +a, + ...+ a, — 4aCTUYHas CyMMa psja.
k=1

Ecau 3lim S, = 5, T0 psa Ha3bIBaeTCA CXOAAIMMCS, 2 § — CyM-

n-—oo

mo# psiga. Ecin lim S, GeckoHeueH uiu He CYIeCTBYET, TO PSAA

n—oo

Ha3bIBA€TCs1 PACXOAANINMCS

0 CgoiicTBa cXOAAMUXCA YHCIOBBIX PS/IOB

(29.3) Ecm Ea" CXOIUTCS, TO E a, CXOANTCs
n=1 n=1+k

(29.4) Ecan Za,, =S, TO Ecan = ¢S; ¢ — nocroAHHas
n=1

n=|
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(29.5) Ecn Za -Sl,Eb =5,,T0 Z a,tb)=51S5,

n=l n=| n=t
a HPOGXO,E[HMOE yciaoBHE€ CXOAHMOCTH YHUCJIOBOIO psaa

(29.6) Eciu Zaﬂ cxoautcs, To lima, =0

n=1 n—ee

Q I[ocra'roqnoe yCJ10BHE pAaCX0AHMOCTH YHCJIOBOIO psAaa

(29.7) Eciu He BeimosiHeHo ycaosue lim a, =0, To za pacxoauTcs

n—yee
n=1

0 3HAaKOMOCTOSsIHHbIE YHCJIOBbIE PAbI. I[OCT&TO‘IHHC NNPpU3HAKH CXO0JH-
MOCTH H PaCXOJHMOCTH

(29.8) Ilepsriii mpu3Hak cpaBHeHus: ecnu 0<a, <b, Vne N, To: u3

CXOOIHMOCTH 2 bﬂ CJIEIlyET CXOIUMOCTD Zan, U3 paCXOI[HMOCTH
n=1 n=1

Z a, CleflyeT pacXoAMMOCTD Z b,

n=1 n=1

(29.9) Bropoii (npenenbHblit) Npu3HaK CpaBHEHHﬂ
echn a, 20,0, >0Vn ke N; hm-—--l 0<l<e,TO Za

oo n=yeo n n=1
u Y b, win oba cxopsrcst unn 06a pacxoAsTCs
n=1{
(29.10) Ilpusnax /anambepa: ecmu a, >0 Vne N; lim Znst L =], 10 npu

n—roo
aﬂ

/<1 pAan Z a, CXOAHUTCH, IpH [>1 PAA PacXOaAHUTCA
n=1

(29.11) PapuxanbHbiii npusHak Komm: ecnn a, 20 Ve N; lim \/_ [,
n—oo

tonpu [ <1 pstan cxoautcs, npu [ > 1 psa pacxoautcs

n=1

(29.12) Unterpansusiii npusHak Komu: eciu f(x) — HeoTpunaTenbHas
HeBO3pacTalollas HenpepblBHasg QPyHKuus npu x =1, To pag
=00

i f(n)=fQ)+ f(2) +... n unTerpaN I f(x)dx cxonarcs uan
n=1 1

pacxoaAaATCcA OAHOBPEMEHHO
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(29.13) Psan z-% npu oo <1 pacxoxutcs, npu o >1 cxoxurcs
i=t 1

(29.14) Psix Y, L % + % +... PacXOJHTCA
n

n=1

| 1 1
29.15) Pan — =14+ =+ —+... cX0AUTCA
(29.15) Enz i 1

O 3HaKonepeMeHHbIe H 3HaKOYepeAyIolHecs YHCI0BbIe psi/ibl. AGComOoT-
Hasi H yCJIOBHAsi CXOAHMOCTb

(29.16) Eca pan Y |a, |=|a;|+|a,|+.+]a,|+.. cxomutcs, To psin

n=1

Z a=aq +a, +..+a, +.. TaK¥Xe CXOAUTCS H Ha3blBaeTCA abco-
n=1

JIOTHO cxoxsmmcs. HceaeoBaniie psjia Ha abCOMIOTHYIO CXO1H-
MOCTb HpOHBBOﬂHTCﬂ C NIOMOIIBIO IIPH3HAaKOB CXOAHUMOCTH 3HAKO-
MOCTOAHHBIX PA/10B

(29.17) Ecan psn Ean CXOAMUTCS, a PsiA ZI a, | pacxogutcs, To psan

n=1 n=1

Z a, Ha3bIBaeTCs YCJIOBHO (He aOCOMIOTHO) CXOAAIUMCS

n=1

(29.18) IIpu3Hax cxoaMMOCTH 3HaKoYepeayolerocs psaa (Mpu3HaK

Jleitbuuna): ecnu b, 20Vn; b, 2 b, Vn;, lim b, =0, 10
n—yco

Z (—1)”"l:l,,l CXOAMTCSA (THII CXOAUMOCTH MCCJIeYETCS AOTO-
n=1
HUTEJIbHO)

(29.19) Pan i t—l-)—ni =1- 1 + 1_ CXOHUTCA YCJIOBHO
' —- n 2 3 7 Y

n 4

(29.21) Ouenka cyMMBbI CXOASIIIErOCs 3HAKOYCPeLyIOLerocs psia: ecjim

i 0", =5y (-1)*'b, =5,,10|S, -S| < b,
n=1 k=1

oo _ n—l
(29.20) Pan z —(--1)-2— =1- 1 + é — ... CXoaAUTCcs abCOMIOTHO
n=1
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CreneHHble paabl

(29.22) i a,(x-x)" =
n=0

=ay+a,(x-x)+a, (x-x0)2 +o.ta, (x-x)" +..

. |a - n
(29.23) Ecnm lim |4 = ¢ >0, 10 )’ a, (x - xy)" cXoauTcs B uHTEpBAJE
noel a, 1=0
1 .. |a,
|x— x| <Ry R===lim Ha3bIBAETCH PAAUYCOM CXOIMMOCTH.
¢ noe an+1

CxoauMocTs NpH X = x,, * R uccnemyercsa nonoaHuTeabHo. Ecin
R = +00, TO HHTEPBAJI CXOAUMOCTH (—o0; + o0)

(29.24) Ecxn lim ¢ffa,] = 20,10 R= " = lim —

C noen lan!

0 CaoxeHue H YMHOXKeHHe CTeTleHHbIX PsAoB (|x — x| < R; R — HauMeHb-
Ui U3 PAAMYCOB CXOAUMOCTH 3alaHHBIX PAJIOB)

- -]

(29.25) %an(x-xo)" + gbn(x—xo)" = Z(amI ib”)(x—xo)"

n=0

(29.26) ian(x—xo)" -gbn(x—xﬂ)" =Y ¢, (x-x)"

n=0 n=0
¢, = ayb, +a;b,_y + ...+ a b

Q IndPepenunpoBanye 1 HHTErpHPOBaHHE CTENIEHHBIX PSIOB

(29.27) S(x) = i a,(x-2)"; lx-x|<R=>
n=0

= §'(x) = i na, (x- %) ; |x - x| <R
n=1

(29.28) S(x) = f‘, a,(x-x)";

n=0

x-%|<R=

X

=>IS(x)dx= g}an(

0

x— xﬂ )I'I+1

— ; |x—ap| <R
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O Pazioxenusa pyHkumii B CTeneHHble psabl

o0 (n)
(29.29) f(x)= E f—,;,(flio_)-(x - xy)" — paa Teiinopa
n=0 :
oo f‘(") (0)
(29.30) f(x)= Z - x" — paa MakjiopeHa
n=0 :

(a-1)..(a-n+1)

X" =

u
Ms

(29.31) (1+x)*

n!
~1
=1+orx+a(0;' )x2+...; ag N;|x|<1
(2932)—=2x”=1+x+x2+...; | x|<1
n=0
(2933)— Z( D" =1-x+a-.; |x]<1
(2934)—_2( )2 =1-22 +24 - | x|<1
x
2 3
X 13-x
29.35) Vi+x =1+2 - - |x|s1
@935 A+ x =457+ 5 o 1]
o N 2 n
(2936) €' = ¥ =14+ Tt 44 —co<x < oo
_0 nl 2! n!
oo n
(29.37) In(1+x) = 2 )
n=1 n
2 3 n
X X n-1 X
=x-—t—— (1) —+.; —1<x<1
x 2+3 +(-1) n+ <x
n-1_2n-1
()«
29.38 = =
( ) sinx ; (2n=1)!
IO S SR G ) A N

ot + ..
31 5! (2n-1)!

103
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(-1)" 2"
(29.39) cosx = ) ——— =
> G
2 i ('-1)1'I on
=l +. —0< X< 400
21 4] (2n)
3 5 7
x> 2?7 11x T
2940) tgx=x+—+ e -
(940 =2t~ bgetgmn [Xleg

1.4° +1-3-x5 1.3.5.%7

+- +..; |x|<1
2-3 2-4-5 2-4-6-7

(29.41) arcsinx = x +

- 3 - - 5 - - - 7
(29.42) arccos x = — — x+1 = +1 g +1 Sl +..; |x|<1
2 2-3 2:4-5 2-4-6-7

3 5 7

(29.43) arctgx=x—%+%-x?+...; | x|<1
3 5 7
T -
29.44 tgr=——-|lx—-—+—-—-..|; 1
( ) arcctg x 5 (x : -+ S J | x|<

0O 3HayeHns CyMM HEKOTOPBIX YHCJIOBBIX PS/IOB

(29.45) 1+1+l+-1-+...=2
2 4 8

11 { 1
9.46) — +..=—
(2 )10 100 T 1000 110000 "9
{1
99 47 +..=1
( )1 2 23%34% 15
(29.48) b o g B e 1
13 3.5 5.7 7.9 73
{11
29.49) 2 1
( ) +2+6+24+
{11
20. 501 —— 4— memop = 11D
()l =5 *g =7 .
1 1 1 T
OB A o e o i
ERold gt =ghay
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1 1 1 e
2951+ —+—+—+..=—
( ) 22 32 42 6

1 1 1 )
(2953)1—"3—"‘4'-5'—1—%'? .=sinl

30. TpuroHoMmeTpuyeckme
paabl ®ypbe

(30.1) Eciu 2/ — nepnommyeckas pynxums f (x) nnpoussoptas f”(x)
Ha oTpesKe [—/; /] HenpepbIBHbI UM UMEIOT KOHEYHOE YHCJIO TOYEK
paspbiBa 1-ro poaa, To f(x) packnaasiBaetcs B psg Dypse:

w /
f(x)=%+2(ak cos$+bksin$]; a, =%J.f(x)dx

k=1

a, =~ If cos—dxk N; b=~ If(x sm#dxkeﬁ]

Cymma psina paBHa sHaueHuio f (x) BKax0ii ToYke HePePbIBHOCTH

¥ 3HaYEHHIO [ lim f (x)+ lim f(x )) B TOYKaX paspbiBa X;
x—x;-0 x—x,+0

(302) Ecm f (x) yerHasi, o f(x)=%+iak cos—kE; a, =—If(x)dx;

. k=1 l
2 knx
a, =7If(x)cosTdn ke N
0

(30.3) Ecan f(x) nederHas, To

w !
f(x)= Eb,, sinf—?x——; b, =-?-If(x)sin;klgdx; ke N
k=1 0

(30.4) Eciu [ =7, 10

f(x) =a—20—+ki(ak coskx + by sinkx); ay =i ]Ef(x)dx;
=1

-n
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17 17
ay== [ f(x)coskxdr; ke N; b, == [ f(x)sinkxdr; ke N
T T
-1 -n

0O Pasnosxenns HekoTopbix ¢pynkuuii B pag Oypoe

f-m<x = sin (2 - 1
(30.5) Ecn f(:r)={ [-m<x<0 4 & sin )x

+10<x<m 10 f(x)=Ekz.l 2k -1

(306) Ecan f(x) =x, —T<X<TM,TO f(x) = 2i(_1)k+l Sinkkx
k=1

(30.7) Ecan f(x)=|x|; -M<x<T,TO f(x)=-g-%i

31. dneMeHTbl TeOpMn 06bIKHOBEHHbIX
anddepeHUnaNnbHbIX YPAaBHEHUN

AndpdepeHunanbHble ypaBHeHUa 1-ro nopsaka

(31.1) F(x,9,4") =0 — obwwmii Buz
(31.2) M (x,y)dx + N (x,y)dy = 0 — muddepenunanshas popma

(31.3) ¥’ = f(x,y) — ypaBHeHHe, pa3pelIeHHOE OTHOCUTENBHO NMPOU3-
BOAHOH

¥ =/f(xy)
(31.4) 3amaua Komu (3agaya ¢ HaYaJbHBIM YCJIOBHEM):

(%)=

Q Inddepenunanbioe ypaBHEHHE C pa3/ieeHHbIMH NlepeMeHHbIMH

(31.5) f(x)dx + g(y)dy = 0. _[f(x)dx + Ig(y)dy =C — obmuil uHTe-
rpaj

Q AuddepeniHanbHoe ypaBHeHHE ¢ Pa3AeiaiOUIMMHUCH TiepeMeHHbIMU
(31.6) fi(x)g(y)dx + f,(x)g,(y)dy = 0; f(x)g;(y) #0;
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I_é_%%dx.ka_((;:}dy = C — obmuii uuTerpan

(B17) ¢’ = f(DBW); 8W) # 0. |2 = [ f(x)dx +C — obuumit wrre-
rpaj g(y)

Q duddepennpanbioe ypaBHeHHE, OAHOPOAHOE OTHOCHTENBHO apryMeH-
Ta U QYHKIHH

(31.8) M(x,y)dx + N(x,y)dy =0;
M(tx,ty) = t"M(x, y); N(tx,ty) =t"N(x,y); Vt,t > 0.

Peniaetcss MeTo0M 3aMeHbI MNEPEMEHHO

2(x) = Y. Y = zx; dy = zdx + xdz u cBelieHNeM K YPaBHEHUIO

x
C pa3AeasoUIMMHICS NIepeMEeHHbIMH

M(1,2)dx + N(1,2)(xdz + zdx) =0
(31.9) ¥’ = f(xy); f(tx,ty) = f(x,y); Y, £ >0.
z(x)=%'y=zx:y'=z+xz'; z+az" = f (1, 2(x))

(31.10) y'=f[—f’—[-]; z(x)=%;y=zr,y'=z+xz’; z+ a2 = f(2)

0 JInneiinoe nudPepenunaibHoe ypaBuenue 1-ro nopsaka
(31.11) y'(x) + p(x)y(x) =0 — ogHOpOAHOE JHHEHHOE

-[ p(x)dx

ypaBHeHue. y(x) = Ce — obuiee peleHne

(31.12) y'(x) + p(x)y(x) = g(x) — HEOOHOPOAHOE THHEHHOE YPaBHEHHE,
y(x) = oI P9 [C + Iq(x)ej d (I)drdr) — obiiee peleHue

0 YpaBuenue bepuym
(31.13) ¥'(x) + p(x)y(x) = y®q(x); o # 0; o # 1. PemaeTcs MeTo10M 3a-

MEHbI lepeMeHHoi1 2(x) = y'™® H cBeleHMeM K THHEITHOMY ypaB-

HeHHuIo z'(x) + (1 - o) p(x)z(x) = (1 - )gq(x)
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Q YpasneHue B noaHbix qudpPpepennnanax

(31.14) M(x,y)dx + N(x, y)dy = 0; &89 N y).

dy ox
(x.y) x y
| M(xy)dx+ N(xy)dy = [ M(x,y0)dx + [ N(x,y)dy =C —
(x0.90) %o Yo

00K MHTErpal

AnddepeHynanbHble ypaBHeHUs n-ro nopsaaka

0 JIuneiinoe oanopoanoe auddepeHnHaIbHOE ypaBHEHHE 2-T0 NOPsAAKa
C NOCTOSAHHBIMHU K03} PHIIHEeHTaMH

(31.15) ¥"(x) + py'(x) + qy(x) =0

(31.16) Xapakrepuctiueckoe ypasrenne: k> + pk+q =0; k; k, —Kopuu
XapaKTepUCTHUHYECCKOr0o ypaBHEHHUA

(31.17) Cnyuyaii pa3nHyHbIX HeHCTBUTENbHBIX KOPHEH &j; Ry :

y = C,e"" + ™" — oburee pemenne

(31.18) Cnyuyaii kpaTHOTO A€HICTBUTENLHOTO KOPHA k =k = k,:

y= Cifs"‘Ulr + szek" — obulee peneHue

(31.19) Cnyyaii napbl KOMINIEKCHBIX CONPSKEHHDBIX KOPHEl Ry, = oLt Bi:

y =™ (C, cosBx + C, sin fx) — obwee peurenue

Q JIuneiinoe oaHopoaHoe AuddpepeHHaIbHOE YPaBHEHHE 17-T0 MOPSAAKA
C NOCTOSIHHBIMU K03 PHIIHEeHTAMH

(31.20) ¥ (x)+ p,y" P (x)+..+p,y(x)=0

(31.21) XapaxTepucTHYECKOE YpaBHEHIE:
"+ p k" + ..+ p,=0; k,k,,..k, — KOpHU XapaKTepucTHe-
CKOTO YPaBHEHHS

(31.22) O6uwee pemenne: y = Cyy; (x)+ Coyy (x) +..+ Coy, (%),

rie ¥y (x); ¥y (x); s ¥, () — COBOKYNHOCTD IHHEHHO HE3aBHCH-

MbIX YaCTHBIX pelleHH, COOTBETCTBYIOIIMX KOPHSIM XapaKTepHc-
THYeCKOro ypaBHeHus. C; — IPOU3BOJIbHbIE [TIOCTOSIHHbIE
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l'IpaBmlo HaX0XKIACHHUA YaCTHBIX pemeﬂuﬁ:

(31.23) Ecnu B — nmpocToii neiicTBUTENBHBINH KOPEHB, TO MOIYYaeM OLHO

YaCTHOE PEIIEHUE Y = ekr

(31.24) Ecavt k — peiicTBuTe IbHBIA KOPEHb KPATHOCTH 7, TO MONYyYaeM r

YaCTHBIX pelleHuil y = e¥; y = xe®*;..;y = x"1e*

(31.25) Ecnu k5, = o £ Bi — mapa npocTbiX KOMILJIEKCHBIX CONPSIKEHHbIX
KOPHe#, TO MoJIy4aeM ABa YaCTHBIX pellieHUs
y =e™ cosPa; y =™ sinPx

(31.26) Eciu &, = oo £ Bi — mapa KOMIJIEKCHBIX CONPSXKEHHbIX KOPHEit
KPaTHOCTH 7, TO NOJIy4aeM 27 YaCTHBIX pelleHH i
y = e cosPx; y = xe™ cosPa;....y = x 1™ cosPx;

y = e sinPur; y = 2™ sinPu;...;y = 2 e™ sinPx

PewieHUA HEKOTOPbLIX

anddepeHUManbHbIX YypaBHEHUMA

O YpaBHeHus C pa3ieIAIOUMMHCS NlepeMeHHbIMH

(3127) |y =y y=Ce*
1

’=2 = - ) =0

(3128) |y =y y=-—c'Y
s, X

(31.29) y=; y -x*=C
, X

(31.30) y—-; ¥ +y?=C
Y

(31.31) y—; y=Cx
__Y _E

(3132) | ¥ =-7 y=-
, 2

(31.33) y=—f y=Cx2
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y x
@130 | y¥'=7 Y=o
(31.35) |y’ =€ e +e? =C

O OaHopoaHbie ypaBHEHHS

(31.36) y’=%+§ y* =2 (2In|x] +C)
(31.37) y'=:z 2 -2ay-y*=C
(3138) | ¥’y —y* -xy=0 ~;—=—lnCr.!/=0
(31.39) (x2+y2)y’=21y Yy -x*=Cyy=0
(31.40) (12 +y2)dx+xydy=0 2y + % = %
(3141) | W =y-xe?’* y =—xIn(InCx)

Q JInnelnbie ypaBHeHns 1-r0 nopsiaka 1 ypaBHeHusi bepHyum

(3142) | Y +xy+x=0 y=Ce-x2/2_1
@a3) |Yry=C y=ge +C
(3144) |y -y=¢ y=e (x+C)
(31.45) | ¥’ —y=sinx ‘ y=Ce* —%(sinx+cos x)
(31.46) y'—%=xsinx y=x(C-cosx)
3147 |y -ZL+y*=0 2 o0
x 2 +C
(B148) | Y +2y=y€ y(e" +C)=t,y=0
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0O YpaBHeHHs B N0JHbIX AHPdepeHLHanax

(31.49) 2:rydx+(x2 _y2)dy = 31'2_?/— y3 =

GLO) | (Y2 -x)y -y+2"=0 | 2® -3+ =C

(31.51) | ay’cosy +siny =0 xsiny =C

0 JIuneiHbie ypaBHeHUS 2-T0 MOPAAKA

(3152) | ¥ -y=0 y=Ce" +Cye™"

(31.53) |y " +y=0 y=Cycosx+Cysinx

(31.54) | ¥ -4y’ +5y=0 y =e** (C, cos x + C, sin x)
(3155) |y -y+x>=0 y=Ce* +Cie™* +x° +2
(31.56) |y +y=¢€" y=%e‘”+C1cosx+Czsinx
(3157) | ¥y +y=sinx y=C cosx +C, sinx—%cosx

32. KoMnnekKCcHbie YyMcna

Q Crenennuucnai(n, me Z)

(32.1) i = -1 — OCHOBHOe CBOJICTBO YHCIA i

322) ' =it =¥ = =" =1

(323)i' =P == =" =

(324) 2 =i =% = =2 =

325) P =i" =il = =" =

(326) " =it =i8 = =" =jim =y
32.7) it =it =Y = =l o gimt

(32.8) i_2 = i_ﬁ = f“w =.. = 1“'(4’”2) = I-4m-2 =1
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(329) i3 =i =M= =W - jim=3
(32.10) " = (-1)"
(32.11) #™ =(-1)"i
(32.12) 4" =™

0 Aare6panyeckas popma KoMILIeKCHOTo Yucia (x; y € R)

(32.13) z=x+1iy; x = Rez — peiicTBUTeNbHASI YaCTb YMCA; ¥ = Imz —
MHHMMasi 4acCTh YHCIA

0 PaBeHCTBO KOMILIEKCHBIX YHCe
(3214) 2y =2, @ xy + 1Yy =Xy + 1Yy & X =X, Yy = Yy

3215) z=0x+iy=0=2x=0y=0

0 KoMmiekcHo COIIPAKECHHOE YHCJIO
(32.16) z=x - iy
(3217) z=ze ze R

Q MOIIYJII: KOMILIJIEKCHOTIO YHCJIa

(32.18) 7 =| z|= 2 + ¥%;

(32.19) | z|=| z|

z|20

0O ApryMeHT KOMIUIEKCHOTO YMCJIa ¢ = arg z (IJ1aBHOe 3HAYeHHe apryMeHTa)

coscp=ﬁ

(32.20) A Z =¢;05¢0<2n (uu -T<Q<T)
sinq):i
| 2|

(32.21) argz =2n—argz (wn argz = —argz)

O MHOKeCcTBO 3HAYE€HHH apryMeHTa
(32.22) Argz=0+2nk, ke Z
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0 eiicTBHA HAaJ KOMILIEKCHBIMH YHCJIaMH B ajireOpanyeckoii popme
(32.23) CnoxeHne U BbIYHUTAHHUE:

2y + 2y =(x +iy) +(xy +iyy) = (2 + 25) +i(yy + Yy)

zZ+Z

(32.24) z+Z=2x;x =

(32.25) 2 — 2y = (x; = x3) + i(y; — Y)

(32.26) z- 2 =2yis y = 2—2‘—5

.

(32.27) YMHOXeHuUe:
2,2y =(x; +iyy) - (X +iyy) = XX = Yy Yo + (XY + X0,)
(32.28) z-z =17
(32.29) 2% = x* - y* + 2yi
(32.30) 2* = x° - 3xy® +i(3x%y - y°)

(32.31) Jlenenne: L= 05 _ 2% _G% ¥ 9y ; UiXs = Yy

o 2 2 2 2 2
2y Xyt |22| Xty X oty

3232y 1=2-_ % ;. Y
4

P x4yl x? + y?
1 z X . Y
(32.33) =2 = i
z P P+t ¥ +yt

Q CaoiicTBa AJeHCcTBHH HaJ KOMILIEKCHBIMH YHCJIAMH

32.34) z, + 2z, = 2, + 2, (KOMMYTaTUBHOCTb CJIOKEHUS
1 2 2 T4 y

32.35) (z; + 2)) + 24 = 2, + (2, + 2,) (ACCOLIMATUBHOCTD CJOXKEHUS
1 T4 354 2 T 23

(32.36) 2z, = 2,2; (KOMMYTaTHBHOCTh YMHOKEHHS)

(32.37) (2,25)2z7 = 2;(2,2) (aCCOLUATUBHOCTh YMHOXKEHHS )
12)43 1\<2<3 Y

(32.38) 2,(2y + 23) = 212y + 2,23 (AMCTPUOYTUBHOCTb YMHOXEHHUSA OTHO-
CUTEJIBHO CJIOKEHHS)
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O TpuroHomeTrpuyeckas popMa KOMILICKCHOIO YHCJIa
(32.39) z=r(cos@ +isin@)

O JeiicTBus Ha/i KOMILIEKCHBIMH YHCJIaMHM B TPUTOHOMETPUYECKOH
¢dopme

(3241) 2 =1L (cos(p; - ¢,) +isin(p, - ¢,))
2 N
(32.42) Bo3sBeneHue B CTeMNeHb:

2" =r"(cosng + isinng); ne N — dpopmyna Myaspa

(32.43) V3BeveHue KOPHS

5/_=Q/;[cos(p-"'?nk+isin(p+2nkJ=wk;
n n

neN:k=012..,n-1

(32.44) " =(cos—2—zt—k-+isin-2—@)= w,; k=0,1,2,..,n-1
n n

(32.45) 1 = 1
1 .3 1 .3

(32.46) Q/_=wk; w, =1 w, =—§+i—2-; Wy =———i—

(32.47) 21 = [cos—jz(—?—{:—zi--12 + isin@) =w k=012 .,n-1

(32.48) V-1 = +i
J3 1 .3

1 .
(32.49) V-1 =w;; =, =ty =+ wy =i

0 ITokasarenbHas popMa KOMILIEKCHOTO YHCAA
(32.50) z=re'?
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(32.51) @opmyan Jiinepa:

io .. e +e? e'® —e™'®
e'® =cos@+ising;cosp = ——;sing = ,
2 21
L¥ . dn, .
(3252) €2 =i, e™ =-1; e2 =-i ™ =1

Q JleiicTBHs HaJ KOMILIEKCHBIMH YHCJ/IaMH B IIOKa3aTteJbHoi popme

(32.53) 21 . 22 = ?ir2ei'(¢1+{p2}
(32.54) 2L = L. ji(o-e2)
22 r2

(32.55) 1 = p7in0
;_'rp+2‘.rl:k
(3256) Yz=%r-e » ; k=012, .n-1

Q Paccrosinue MeXKAy TOYKAMH 2, = X + iY{H 2y = X» + il
(32.57) d = | 22 - 21 |

O YpasHeHHe npsMoii, MpoxXoasmieii yepes TOUKy z, = X, + iy, 1 06pa3y-
iouteii yroa o ¢ ocsio OX

(32.58) z =2z, +te™; te R

0O YpaBHeHHe OKPY>KHOCTH C EHTPOM B TOUKe 2y = X + iy
(32.59) z=2z, + Re"; 0<t<2n

Q Pa3sno’keHHe MHOTOWIEHA Ha JHHEHHbIe MHOXKHTEH
(32.60) P(2) = ayz" +a,2" ' +ayz" * +..+a,_z+a, =

=ag(z-2)(z-2)..(2-2,); % Z; € C V1 j; n21

O OcHoBHas TeopeMa aireOphl
(32.61) JIwoboe ypaBHeHue n-if cTENEHH C KOMILTEKCHBIMH K03¢ dHLIviEH-
TaMu P (2)=ayz" + 42" + a2t +..+a, 2+a,=0, n>1
, IMEET 7 KOMILIEKCHBIX KOPHEH, ec/Ii KasKAblii KOpeHb CYIITaTh
CTOJIbKO pa3, KaKoBa ero KPaTHOCTh
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33. dneMeHTbl Teopun (PyHKLNN
KOMM/IEKCHOW NepeMeHHOMU

(331) z=x+iy; w=f()=u(x,y) +i(x,y); x,yeR, zweC;
u(x,y) = Re f(2) — nelictBuTenbHas yactb GyHKIMMY;

o(x,y) =Im f(z) —MuuMasa yactb QyHKIIMM

QO OcHoBHbie PYHKIMM KOMILUIEKCHOH nepeMeHHoH
(332) w=az+b
(333) w= %(z + 1) — ¢yHkuus KykoBckoro
z
(334) w=2z"; neN

i
(33.5) w=2z" =£/_=w'(cos(p+2nk+isin(p+2nk]= @y ;

n n

neN:k=0,12..,n-1

(336) w=¢® =" = e*(cosy + isin y)
(33.7) w=Lnz=Inz+ 2nki; k € Z — mHOro3HayHas QyHKIUS;

Inz=1In|z|+iargz — rnasHoe 3HaueHue norapudpma
(338) w=2% =%, geC

(339) w=a’ =€’ qe C

2 _ ,-iz
(3310) W=SInz = e e
2i
iz | o2
(3311) W=CcoSz = € +-23
(33.12) w=tgz= sin z
oS z
CcOs 2

(33.13) w=ctgz=

Sin 2
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0 I'unep6oanyeckue QPyHKIHH

(3314) w=shz=5"¢
F4 -2
(33.15) w=chz=4"°¢
(33.16) w=thz= shz
chz
(33.17) w = cth z = 2
sh z

0O IlpousBogHasa PyHKIHH KOMILIEKCHOM epeMeHHOM
(33.18) IIpousBonHoii ogHo3HayHOM GyHKuMKM f(2Z) B TOYKE Z Ha3bIBa-
ercanpeaen f'(z) = lim

Az—0
B KaXXJ0¥ Touke 06/1aCTH HEMPEPbIBHYIO TPONU3BOHY 0, Ha3biBa-

eTCs aHAJIMTHYeCKOH B aToil o0sacTu

(z+ Az wPAC)) . DyHKIMA, UMero1ast

(33.19) Ycnosus Koumm—Pumana: anst Toro 4toOs! GyHKIMS
f(2) = u(x,y) + iv(x, y) OblIa aHATUTHYECKOIT B 06/1aCTH, He-
006X0AMMO U 10CTAaTOYHO, YTOOBI B 3TOMH 00J1aCTH CYILECTBOBAJIH

HenpepbIBHbIE YaCTHbIE POU3BOAHBIE QyHKUMHA U(X,y); v(x,Yy)

ou _Ov ou ov
U BBINOJHAIUCD YCIOBUA: — = —; — = — —

ox 6y’6‘y ox

(33.20) Brruucnenye npousBoHON aHAIUTHYECKON PYHKIIHHU:
f(z)_au N @_@ iu__&u 60 6'0
ox axayéyaxayayax
O BorynciieHHe HHTErpajioB
(33.21) Ecin f(2) = u(x,y) + iv(x, y), TO

[ f(2)dz = [u(x, y)dx - o(x, y) dy + i[ o(x, y) dx + u(x, y) dy
1 [ /

(33.22) Ecnu [ : 2(t) = x(t) + iy(¢); t; <t < ty, TO

[f(@)dz= [ f(@(0))2(6)de
[ A
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0 ®opmyna Heiorona-Jleiionuna
(33.23) Ecan f(z) aHanuTHYecKas B OJHOCBA3HOM 001acTH, 2j,2p —
TOYKH BHYTpH obnactu, F'(2) = f(2), To

[ f(2)dz = F(zy) - Fzy)

2y

0O Teopema Konm
(33.24) Ecim f(z) aHanuTHUecKas B OZHOCBA3HOM 00/IaCTH, ¥ — 3aMKHY-

TBLI KOHTYP B 3T0ii 00J1aCTH, TO <§ f(2)dz=0
Y
Q UnrerpambHas popmyaa Komm

(33.25) Ecain f(2) ananutnyeckast B OAHOCBS3HO 0061acTH, 2, — TOYKa
BHYTPH 00J1IaCTH, Y — 3aMKHYTbIH KOHT}’p B 3TO# 06s1acTH, OXBa-

2m 22

THIBAIOLMI TOYKY 2y, TO f(Z)) =

n n! f(2) oy —
(33.26) f1")(z,) = o § —dzn=12..

0 Paap Teitnopa
(33.27) Ecau f(z) — aHAIMTHYECKas B KPYTeE |2 - Zol < R, To ee MOXHO
OIHO3HAYHO Pa3;I0XKHUTh B 3TOM

kpyre B psia Teitnopa f(2) = D c,(z- )
n=0

f(n)( )= — I f(2) LG TRy

211112 -2 1=p (2 - 20)

(33.28) 1 ¥ " |4 <1
1-z n=0

(33.29) ¢* —Z—; ze C

n= 0??
oo u+1 n
(33.30) In(1+2) =Z ;|2 <1
n=1
oo _1” 2n+1
@33y sinz=3 UL T Lo

S (2n+ 1)
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e
(33.32) COSZ_%W’ ze C
2 3 16 5 n
(33.33) tgz=z+az +—5_TZ ~ |z|<§

Q Paapl Jlopana
-1

(3334) f(D)= D c,(z-2) =D c,(z-2) + X c,(z-27)
n=—x n=0

n=-oo
1
Z ¢, (2 - 2 )" — rJIaBHasl 4acThb PANA;

N=—o0

i ¢, (z-2) — MpaBWJIbHASA YaCTh PsNA
n=0

(33.35) Ecin f(z) — aHasmTHYecKasi B KOJIblie

r< |z - 2|<R; 0<7r<R<o,T0ee MOXKHO OJHO3HAYHO Pa3JIo-
’KUTb B 3TOM KoJiblie B psizi JlopaHa

S n 1 /(2
f(2) = ¢ (z-2);¢, =7 —————dzir<p<R
z 21“]2-2‘!]*9(2_20) :

n=-00

Q Ocobble TOYKH

(33.36) Ecin f(2) — aHanutnueckas B kpyre 0 <|z- 2| < R, a B Touke
2y He ABJIAETCS aHATMTHYECKOI, TO TOUKA Z, HA3bIBAETCs M30JIH-
POBaHHO# 0c000I TOUKOI

0 Knaccudpunkanus H30IMPOBAHHBIX OCOOBIX TOYEK

o
(33.37) Ecm 2y — ocobasi Touka n f(2) = Y ¢, (z~2);0<|z- 2| <R,
n=0
TO 2y Ha3bIBaeTCA YCTPaHUMOIi ocoboii TouKoi

(33.38) Eciin 2z, — ocobast Touka u
-1 0
f(2)= Z Cﬂ('z_z(])yl + ch (Z—Zo)n;C_m ¢0;0< |Z—20| <R,
n=0

n=-m
TO Z;) Ha3bIBA€TCsI NOJIOCOM IOPAAKa M

(33.39) Eum 2z)— ocobasi touxkan f(2)= Y. ¢,(2-2):0<|z-2|<R,
n=-%

TO 2, Ha3bIBaeTCs CYLIECTBEHHO 0CODO0H TOUKOH
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0 Boiyersi. OcHOBHasi TEOpeMa O BbIYeTax

(33.40) BoruetoMm ananuTHuecKoit yHkuuu f(2) BTOYKe 2, Ha3blBaeTCs
ko3¢ duuueHT c_, B pasnoxenun f(z) Bpsaxn Jlopana

Resf(z)=c_1=i_ /) dz;0<p<R
7=z, 2mi !Z‘Zglzp (Z - 20)

(33.41) Ecau f(z) aHanuTH4Ha B OrpaHUYEHHO OMHOCBA3HOI obmactu D
3a HCKJIOYEHHEM KOHEYHOT0 YK CJIa H30JIMPOBAHHBIX 0COObIX TOYEK
24,2932, , Y — 3aMKHYTHIH KOHTYP, Texamuii B D 1 oXBaTbiBa-

IOLMI BCE TOYKH 2i; Z9;...; 2, , TO If (z)dz = 21:1'2 Res f(2)

Z2=2
¥ k=1 k

34. dneMeHTbl TEOpUN BEPOATHOCTEMN

dopMynbl KOMOMHATOPUKM
(coueTtaHun, pa3MelleHns, NnepecTraHOBKKN)

0 Yucao coyerannii 6e3 NOBTOPEHHMIt H3 71 3JI€MEHTOB Ii0 &

k__n!
(361) Cf =

I(n—k)! ;
(34.2) CY =C" =1

n'=1.2.3-..-.n; 0!'=1

(34.3) Ck=C"*
(34.4) CH! = c* 4+ CH!

0 Yuciao pa3menieHuii 6e3 MOBTOPEHHi U3 7 I€MEHTOB 110 R

(345) Ay =n(n-1)(n-2)..-(n-k+1)= (nf!k)!

(34.6) A; =C}P,

0 YKc/0 nepecTaHoBoOK 6€3 NOBTOPEHHIi U3 7 3JIEMEHTOB 110 77
(347) P,=n-(n-1)(n-2)-..-1=n!

(34.8) P, = A"
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0 YucJio pa3MeneHuii ¢ IOBTOPEHUAMH H3 72 DJIEMEHTOB 110 £
—k
(34.9) Ap =n*

0 @opmyaa CTHpauHra

(34.10) IlIpu n > 0 nl=x=+/2nn [ﬁ)

€

Knaccuueckasn ¢popMyna BbluUC/IEHUA BEPOATHOCTU

(34.11) Ecin MHOXeCTBO BCeX BO3MOMXHBIX HCXOIOB CIYYai HOTO 3KCTIepHU-
MEHTa COCTOUT U3 77 pABHOBO3MOXKHBIX M B3aUMHO UCKJII0UAIOILUX
MCXOZIOB — 3JIEMEHTAPHBIX COOBITHH, TO BEPOSTHOCTH COObITHS A

m
paBHa P(A)=—4, rne m, — uncno ucxonos, GraronpusTCTBY-
n

IOIMX COOBITHIO A, n — 4YHCJIO BCEX BO3MOXHBIX HCXOZIOB

Anre6bpa cobbiTum

(34.12) [loctoBepHbIM COOBITHEM Ha3bIBAaeTCs COOBITHE, KOTOPOE HACTY-
naet Bceraa; 0603HayaeTcsa CUMBOJIOM Q)

(34.13) HeB0o3MOXHBIM COOBITHEM Ha3bIBAETCA COOBITHE, KOTOPOE HE NPO-
MUCXOAMUT HUKOTAA; 0003HAYaeTCsA CHMBOJIOM

(34.14) Cymmoii cobbiTnit A + B HasbiBaeTcsi cobbiTe C, cocTosiiee
B BBINIOJIHEHHH XOTs Obl 0{HOTO U3 coObITHIT A Man B (uim A,
wi B, nam obonx BMecTe)

(34.15) ITpoussenennem A- B cobGbiTnit HasbiBaeTcs coObiTHe C,cOCTOSA-
1iiee B COBMECTHOM BbINIOJIHEHUH 000ux coObiTHit A 1 B
(34.16) IIpoTuBONONOXKHBIM K A cobObiTHEM Ha3biBaeTcs coObiTHE A,

COCTOsI1I[€E B HEBBITIOJIHEHNH COOBITUA A

(34.17) CobbitTHas A u B Ha3bIBalOTCSl HECOBMECTHBIMH, ecn A+ B =

Q CaoiicTBa onepaiuii CJ1I03KeHHST 1 YMHOKEHHSA COObITHI
(34.18) A+ B=B+A;A-B=B-A (xOMMyTaTHBHOCTb)

(34.19)(A+B)+C=A+(B+C); (A-B)-C = A- (B + C) (accounaTus-
HOCTb)

(34.20) A(B+C)= AB + AC (anctpubyTHBHOCTb)
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(3421) A+ A=A A+ A=Q;A+Q=Q,A+DT=A
(34.22) A- A=A A-A=T,A-Q=AA- D=0

Anre6pa BeposiTHOCTEH
(34.23) P(@)=0
(34.24) P(Q)=1
(34.25) 0< P(A)<1
(34.26) Ecnn u3 cobbitnst A caenyet cobbitne B, 10 P(A)< P(B)
0 IpaBuio cioxkeHus BEPOATHOCTEH
(34.27) P(A+B)=P(A)+ P(B)-P(A-B)
(34.28) P(A+B+C)=P(A)+P(B)+P(C)-
-P(A-B)-P(B-C)-P(A-C)+P(A-B-C)
(34.29) Ecnu cobbituss A 1 B HecoBMeCTHBI, TO
P(A+B)=P(A)+P(B)
(34.30) P(A)+P(A)=1
0 YcaoBHas BepostHocTs. HeaaBucuMble cOOBITHS

(34.31) YcioBHOIT BeposiTHOCTBIO CoOBITHS B 11pH ycJio-
BHH BBITIOJIHEHUSI COOBITHS A Ha3bIBaeTCs BblpaXkeHUe
P(A-B)

P(B|A)= P(A) ;P(A)#0

(34.32) CobpiTna A u B Ha3biBalOTCSA HE3aBHCHMBIMH, €CJIH

P(B|A)=P(B)

Q IIpaBHiI0 YMHOXKEHHSA BEPOATHOCTEH
(34.33) P(A- B)= P(A)-P(B| A)
(34.34) P(A-B-C)=P(A)P(B|A)-P(C|(A-B))
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(34.35) Ecnu cobbitist A U B He3aBHCHMBI, TO
P(A-B)=P(A) P(B)

0 @opMyJia NOJHOI BEepOATHOCTH
(34.36) Ecnu cobuitust Hy; Hy;...; H,, 06pa3yloT NoIHyIO IPYMIy, TO €CTh
n n
2 H,=QuH, -H=0i=j1P(A)=Y P(H)P(A'H,):
k=1 k=1
cobvitist Hy; Hy;...; H, Ha3blBalOTS THIIOTE3aMH: P(H, ) Ha3bl-
BalOTCs AlIPHOPHBIMHU BEPOSITHOCTAMH THIIOTe3

0 @opmyaa Baiieca. Ilepecyer BeposTHocTel runore3s
P(Hk)P(A ,i Hk)

(3437) P(Hy | A)= k=12....n; P(H; | A)Ha3b-

n

D P(Hy)P(AHy)

BalOTCA altOCTEPHOPHBIMH BEPOATHOCTAMMU rHITOTE3

O IToBropenue ucnbiTanuii ¢ AByMs ucxoaamu. Mopmysia bepuyim

(34.38) Ecnii npoM3BOAMTCS 7 HE3aBHCUMBIX ONBITOB. B KAXKIOM H3 KO-
TOPHIX MOXKET NPOu30iTH cobbiTHe A (<«ycmex») ¢ BEPOATHO-

CThIO p Wi cobbiTie A («HeYyIauya») C BEPOATHOCTBIO g = 1 — p.
TO BEPOSITHOCTDb BBIMOJHEHHS COOBITHA A POBHO M pa3 paBHa

B,(m)=C;p"q" " q=1-pm=0,12,...,n
(34.39) P, (0)=q" B, (n)=p"

CnyyaiiHble BeIM4MHbI

O Myuxuus pacnpenenenns F (x) cayvaiinoii Beanynssl X
(34.40) F(x)=P{X<x}xeR
(34.41) Ecn xy > xy, 10 F(x5)2 F (1y)
(34.42) F (=)= 0; F (+0) = 1
(34.43) F(x) HenpepbiBHa cJieBa
(34.44) P{a< X <b}=F(b)-F(a)
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0 Pan pacnpenesienns AMCKPETHO#H CIy4YaHHO#MH BeJIMYHHBI
(34.45) Pp = P{X =X }; k=12..,n,..; ZP& =1.
k=1

X Xy X2 x,

P P\ P Pn

Q IInoTHOCTH pacnpeneseHHst HeNpepbIBHO# Cy4aiHOI BeJIHYHHbI

(34.46) f(x)=F'(x)
b
(34.47) Pla< X <b}= [ f(x)dx
(34.48) F(x)=P{-o< X <ua}= i f(x)dx
(34.49) /(x)20 h

(34.50) [ f(x)dv=

0O MateMaTH4yeCKO€ OXKHMAaHHe H AUCNIEPCHS JUCKPETHOH Cay4YaiiHOH Be-
JIMYHMHDI C 77 3HAYCHUAMH

(3451) M(X) = Epkxk
k=1

=

(34.52) D(X)=M(X-M(X))2 =§Pk (-’-’k ‘M(X))2

(34.53) D(X)=M(X?) - (M(X)) = gpkxf - {gpkxk]

0O MaremMaTuyeckoe 0OXKHIaHUHE U TUCTIEPCHS HENpPePbIBHOIM CiTyyaiiHoii Be-
JMYMHBI

(34.54) M (X x)dx

)= [ /(
(34.55) D(X)=M(X - M (X)) = [ (x- M (X)) f(x)dx

hS

(34.56) D(X) = M(Xz)—(M(X)) = T xzf(x)dx—{o_f xf(x)dx]
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a Cpem{ee KBaJpAaTH4YEC€CKO€ OTKIIOHCHHE

(34.57) 6= [D(X)

0 bunomHuaabHOe pacnpezeenne
(34.58) luckpeTHas ciayuaiinas BeanuuHa X HMeeT OMHOMHAD-
HOe pacnpefiejieHue, €CJIM €€ BO3MOXHble 3HaYeHHs] PaBHBI
0,1,2,...,n, a BepoATHoCTH paBHbl p,, = P{X =m}=C;p"¢" ™" ;
O<p<tlg=1-pm=01,2..,n

(34.59) M (X)=np; D(X)=npq

0O Pacnpeznenenue Ilyaccona

(34.60) luckpeTHas cnydaitHast BennurHa X uMeeT pacnipefenetue I1y-

acCOHa, ecJ1 ee BO3MOXKHbIe 3HayeHus paBHbl 0,1,2,...,m,..., a Be-

am

’e_"; a>0m=0,1,2,...
m!

POSITHOCTH paBHbI p,, = P{X =m}=
(34.61) M(X)=a;D(X)=a

O PaBHOoMepHOe pacrnipeejieHue

(34.62) HenpepbiBHas ciyyaiiHasi BeimuMHa X HMMeeT paBHOMePHoOe pac-
npefeseHne B unTepsaie (a;b), ecan NIOTHOCTL pacnpeneneHus

, ;b
paBHa f(x)={b-a x€ (@)
0, x & (a;b)
+b (b-a)’
(3463) M (X)="22;D(X)=
2 12
0, x<a
(34.64)F(x)=<';_a,a<x<b
-a
1, x>b
(34.65)P{a<X<B}=B-a,a$a<B£b



126 Yacr 1. Gopmynsi

O HopmanbHoe pacnpeaenenHue
(34.66) HenpepoiBHas ciyyaiinas BeIMdMHa X MMeeT HOpMaJIbHOe
pacripezeieHue, €CJIU IVIOTHOCTD pacripefieIeHHsi paBHa
_(x-a)’
flx)=——e 2
ov2n

(34.67) M(X)=a;D(X)=0"

I B D= N E LT AV |
(34.68) F(x)= [e 2 dx q:[ - }+2

(34.69) ®(x)= 2d¢ — ynkums Jlansaca, HHTErpa

1 7
=—|e
) s/21r£
BEPOATHOCTEH

(34.70) ®(0) = 0; ®(-x) = CI)(x),(D +oo) =

(34.72) P{|X -4d|<l} = 2(1)(::}

(34.73) P{|X -a|<ko} =20 (k)

(34.74) P{|X -d| <o} =2®(1) = 0,682

(34.75) P{|X -a| <20} =29(2)=0,954

(34.76) P{|X - a| <30} = 20(3) = 0,997 — «paBu0 Tpex curm»

0O HepaBencteo YeObnmeBa

Jnst 1106o0ii cayyaiiHoit BemmuMHbl X ¢ MaTeMaTHYeCKUM OXKHAQHHEM M,
u aucniepcueii D, u moboro uncna o> 0:

@417 P{|X - m |20} <=

(34.78) P{|X - m,| <a}21—%



Yactb 2. F'padpukm hyHKLUWA
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JluneitHoe anddepenunanbHoe
ypaBheHue n-ro nopsjaka (31.20) - (31.26)

Jlorapudmni (6.25) — (6.34)
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M

Maremarnyeckoe oxunanne (34.51), (34.54)
Marpuusi (19.1) — (19.34)

Monayab (5.1) - (5.16)

Monynb Bextopa (13.11)

Monynab KoMiiekcHoro yucaa (32.18)

Hanpasasioiue kocunycet pexropa (13.12)

Heonpenenenuwiit
uHterpan (22.1) - (22.102)

Henpepsisiocts dyukimu (20.66) — (20.73)
Hepasencrso Yebbimena (34.77) — (34.78)
Heco6ctaentbie unterpabi (24.1) — (24.10)

Hopmanbhoe
pacnpenenetue (34.66) — (34.76)

0

OO6paTHble TPHrOHOMETPHYECKHE
dyukuuu (10.44) - (10.57)

Okpyxtoctb # kpyr (12.19) - (12.22),
(32.59), (16.5) — (16.14)

Oneparop lamuabTona (28.1)

Oneparop Jlannaca (28.6) — (28.7)
Onpenenurenn (18.1) — (18.17)
Onpenenennsiii uurerpan (23.1) — (23.31)
Opr Bekropa (13.27)

OcHOBHOE TPUTOHOMETPHYECKOE
toxaectso (10.1)

OcHoBHbie PYHKUMH
KOMILJIeKCHO# nepemenHoii (33.2) - (33.17)

Ocobbie Touky (33.36) - (33.39)

[lepecranoBku (34.7) — (34.8)
[Lrockoctb (15.1) - (15.23)

[InoTHOCTD
pacnpenenenus (34.46) — (34.50)

AndaBUTHLIN yKa3aTeNb OCHOBHbIX GOPMYN

I[TosepxHocTu 2-ro nopsaaka (17.1) - (17.12)
[TosepxHocTubie uurerpanst (27.8) — (27.9)
[Monsapusie koopauuarsi (13.1) — (13.3)
ITpasuno Jlonurans (21.62)

[TpaBuno cinoxenns
BeposiTHocTeil (34.27) - (34.30)
IMpaBuno Tpex curm (34.76)
[IpaBni0 yMHOXEHHUs

seposaTtHocTeii (34.33) — (34.35)

[Ipenen 4yncaoBOi
nocaenosareasHoctu (20.1) — (20.15)

[penen pynkunu (20.16) — (20.65)

[Ipeobpazopanue
koopautar (13.38 ) — (13.39)

[Ipu3Hak KOJNMHEApPHOCTH
nByx BeKTopos (13.29)

[Tpounssoanas (21.1) - (21.55)
[TpousBoaHas 1o Hanpaeaenuio (28.3)
[Tponopuun (4.5) — (4.14)

[Mpouentsi (4.15) - (4.17)

[Ipamas B npoctpancTie (15.24) - (15.31)

[Tpamas Ha naockocru (14.1) - (14.38),
(32.58)

P

PaBHomepHoe
pacnpenenenne (34.62) — (34.65)

Paznoxenue Bekropa no 6asucy (13.35)

Pasanoxenne MHorouieHa
Ha MHOXuTenu (2.19) - (2.20)

Pasmenutennsn (34.5) — (34.6), (34.9)
Pacnpenenenue Ilyaccona (34.60) — (34.61)
Paccroanue mexay roukamu (13.10), (32.57)

Paccrosnue ot Touku
a0 niockoctu (15.19) - (15.20)

Paccrostue ot Toukn
ao npsamoii (14.31) - (14.32)

Pewrerine nepasencrs (9.1) — (9.60)

Pewenune ypasuennii (8.1) — (8.37)
PoTop (28.3)



AncaBWTHLIN YKaszaTent OCHOBHBLIX hopmyn

Psn Jlopana (33.34)

Psn Teiinopa (29.29) - (29.44),
(33.27) - (33.33)

C

Cas3b pagnaHHOil
H rpagycHoi mepsi yraa (10.69) - (10.71)

Cxansphoe npouseznenue (13.40) — (13.52)

Cnoxenue
u BbluHTaHue Bexktopos (13.18) — (13.21)

CmewanHoe
npousseaetue sexropos (13.63) - (13.68)

Coueranus (34.1) - (34.4)

Cpentiee apudmetuyeckoe (4.1)

Cpentiee rapmonnyeckoe (4.3)

Cpennee reometpuueckoe (4.2)

Crenenu (6.1) — (6.24)

Crenennsie psaabi (29.22) - (29.44)
Coepuyeckne xoopauuatso (13.5) — (13.6)
Cxema ['opnepa (2.16) - (2.17)

T

Tabanua aHauenmii
TpUroHometrpudeckux pyuxuuii (10.72)

Tabaunua nnterpanos (22.9) - (22.32)
Tabanua npoussoanbix (21.7) - (21.23)

Tabauua aKBHBaI€HTHBIX
beckoHeyHo Manbix (20.44) — (20.65)

Teopema kocunycos (12.11)

Teopema
Kponexkepa — Kanennn (19.32) — (19.34)

Teopema Komu (21.61), (33.24)
Teopema Jlarpanxa (21.60)

Teopema
o noabope xopHeii MHorouneHa (2.18)

Teopema [udaropa (12.9)
Teopema Ponas (21.59)
Teopema cunycos (12.10)
Teopema ®epma (21.58)
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Tunosbie crnocobbl
sameHb! nepementoi (11.1) - (11.12)

Touku pa3psia (20.69) - (20.70)
Tpeyroashuku (12.1) - (12.11)

TpuroHoMeTpHYeCKHe
paast Oypee (30.1) — (30.7)

Tpuronomerpuyeckne
dopmyasi (10.1) - (10.72)

Tpoiixoit nurerpan (26.11) - (26.20)

y

YMHoxeHue
BeKTOpa Ha yucJo (13.22) — (13.26)

Ycnosue
KOJUTHHeapHOCTH ByX BekTopos (13.61)

Ycnosue
KOMIlIaHapHOCTH Tpex BeKTopoB (13.67)

YcnoBue nepneHAHKYASAPHOCTH
AByx Bexropos (13.51)

Ycnosus Kowu-Pumana (33.19)
Ycnosnas BepoaTHocTb (34.31)

P

®opmyna Baiieca (34.37)

®opmyna Bepuynnu (34.38) - (34.39)
®opmyna 6usoma HuiotoHa (1.23)
®opmyana laycca-Ocrporpanckoro (27.12)
®opmyana I'puna (27.7)

®opmyna Maknopena (21.57)

®opmyna Myaspa (32.42)

®opmyna
HsiotoHa—Jleitbunua (23.3), (33.23)

®opmyna noanoi sepoatHoctu (34.36)
®opmyna Crupansra (34.10)

®opmyna Croxca (27.10)

®opmyana Teiinopa (21.56)

®@opmyabi Kpamepa (18.16) — (18.17)
@opmynbl komGuHatopuku (34.1) — (34.9)
®opmyael Jitnepa (32.51)

ODyukuua pacnpeaenenns (34.40) — (34.44)
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u

uaunapuyeckne koopanHars (13.4)

y

YacTueie npoussoaubie (25.1) — (25.19)
Yetoipexyroasiuku (12.12) - (12.18)

Yucnossie psaasl (29.1) - (29.21),
(29.45) - (29.53)
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