
Ñòåïåííûå ðÿäû. Ïðèìåðû ðåøåíèÿ çàäà÷.

1. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà è èññëåäîâàòü ñõîäèìîñòü íà êîíöàõ
èíòåðâàëà ñõîäèìîñòè:

2529.
∞∑
n=1

2n−1 x2n−1

(4n− 3)2
.

Ïðèìåíèì ïðèçíàê Äàëàìáåðà.

lim
n→∞

∣∣∣∣un+1

un

∣∣∣∣ = lim
n→∞

∣∣∣∣ 2n x2n+1

(4n+ 1)2
· (4n− 3)2

2n−1 x2n−1

∣∣∣∣ = 2x2

Ðÿä áóäåò ñõîäÿùèìñÿ ïðè 2x2 < 1. Ïîëó÷àåì:

2x2 < 1 ⇔ x2 <
1

2
⇔ − 1√

2
< x <

1√
2
⇒
(
− 1√

2
;

1√
2

)
− èíòåðâàë ñõîäèìîñòè.

Èññëåäóåì êîíöû èíòåðâàëà ñõîäèìîñòè. Ïóñòü x = − 1√
2
. Ïîëó÷èì:

∞∑
n=1

2n−1
(
− 1√

2

)2n−1
(4n− 3)2

=
∞∑
n=1

2n−1 (−1)2n−1 1
2n
√
2

(4n− 3)2
= −
√
2

2

∞∑
n=1

1

(4n− 3)2
− ñõîäÿùèéñÿ ðÿä.

Ïîñëåäíèé ðÿä ñõîäèòñÿ, ò.ê.

1

(4n− 3)2
∼ 1

n2
ïðè n→∞ (ñì. ðÿä Äèðèõëå)

Ïóñòü x = 1√
2
. Ïîëó÷èì:

∞∑
n=1

2n−1
(

1√
2

)2n−1
(4n− 3)2

=
∞∑
n=1

2n−1 1
2n
√
2

(4n− 3)2
=

√
2

2

∞∑
n=1

1

(4n− 3)2
− ñõîäÿùèéñÿ ðÿä.

Ïîñëåäíèé ðÿä ñõîäèòñÿ, ò.ê.

1

(4n− 3)2
∼ 1

n2
ïðè n→∞ (ñì. ðÿä Äèðèõëå)

Îòâåò: Îáëàñòü ñõîäèìîñòè åñòü [
− 1√

2
;

1√
2

]
.

2. Íàéòè ñóììû ðÿäîâ:
2583.

1

x
+

2

x2
+

3

x3
+ ...+

n

xn
+ ...

Ïðîâåäåì çàìåíó
1

x
= t.
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Ïîëó÷àåì ñòåïåííîé ðÿä:
t+ 2t2 + 3t3 + ...+ ntn + ...

Âûíåñåì t çà ñêîáêè. Ïîëó÷èì:

t+ 2t2 + 3t3 + ...+ ntn + ... = t(1 + 2t+ 3t2 + ...+ ntn−1 + ...)

Âûðàæåíèå â ñêîáêàõ ïðîèíòåãðèðóåì. Ïîëó÷èì:∫
(1 + 2t+ 3t2 + ...+ ntn−1 + ...)dt = t+ t2 + t3 + ...+ tn + ... =

= (1 + t+ t2 + t3 + ...+ tn + ...)− 1 =
1

1− t
− 1 =

1− 1 + t

1− t
=

t

1− t
Îòêóäà ïîëó÷àåì:

(1 + 2t+ 3t2 + ...+ ntn−1 + ...) =

(
t

1− t

)′
=

1− t− t · (−1)
(1− t)2

=
1

(1− t)2

Îòêóäà ïîëó÷àåì:

t+ 2t2 + 3t3 + ...+ ntn + ... = t(1 + 2t+ 3t2 + ...+ ntn−1 + ...) =
t

(1− t)2

Ïåðåéäåì â ïîñëåäíåì ðàâåíñòâå îò t ê x. Ïîëó÷àåì:

1

x
+

2

x2
+

3

x3
+ ...+

n

xn
+ ... =

1
x

(1− 1
x
)2

=
1
x

(x−1
x
)2

=
x

(x− 1)2
.

Îòâåò: Ñóììà ðÿäà ðàâíà
x

(x− 1)2
.

3. Èññëåäîâàòü ñõîäèìîñòü ðÿäà:

a)
∞∑
n=1

5n (2n+ 3)

(n+ 1)!
; b)

∞∑
n=1

(
3n+ 5

2n+ 7

)4n

.

Ðåøåíèå. à) Ïðèìåíèì ïðèçíàê Äàëàìáåðà.

an =
5n (2n+ 3)

(n+ 1)!
, an+1 =

5n+1 (2(n+ 1) + 3)

(n+ 1 + 1)!
=

5 · 5n (2n+ 5)

(n+ 1)! · (n+ 2)
⇒

lim
n→∞

an+1

an
= lim

n→∞

5 · 5n (2n+ 5)

(n+ 1)! · (n+ 2)
· (n+ 1)!

5n (2n+ 3)
= lim

n→∞

5

n+ 2
= 0 < 1.

Òàê êàê ïðåäåë ìåíüøå åäèíèöû, òî ðÿä ñõîäèòñÿ.
b) Ïðèìåíèì ðàäèêàëüíûé ïðèçíàê Êîøè.

an =

(
3n+ 5

2n+ 7

)4n

⇒ lim
n→∞

n
√
an = lim

n→∞
n

√(
3n+ 5

2n+ 7

)4n

= lim
n→∞

(
3n+ 5

2n+ 7

)4

=
81

16
> 1.

Òàê êàê ïðåäåë áîëüøå åäèíèöû, òî ðÿä ðàñõîäèòñÿ.
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Îòâåò: a) Ðÿä ñõîäèòñÿ; b) Ðÿä ðàñõîäèòñÿ.

4. Âû÷èñëèòü óêàçàííûé îïðåäåëåííûé èíòåãðàë ñ òî÷íîñòüþ äî 0, 001:

0,5∫
0

ln
(
1 +

4
√
x3
)
dx;

Ðåøåíèå. Èçâåñòíî, ÷òî

1− t+ t2 − t3 + ...+ (−1)n tn + ... =
1

1 + t
, |t| < 1.

Ïðîèíòåãðèðóåì ïîñëåäíåå ðàâåíñòâî.∫
(1− t+ t2 − t3 + ...+ (−1)n tn + ...)dt =

∫ (
1

1 + t

)
dt = ln(1 + t), |t| < 1.

Îòñþäà ïîëó÷àåì

ln(1 + t) = t− t2

2
+
t3

3
− ...+ (−1)n−1 tn

n
+ ..., |t| < 1 ⇒

0,5∫
0

ln
(
1 +

4
√
x3
)
dx =

0,5∫
0

 4
√
x3 −

(
4
√
x3
)2

2
+

(
4
√
x3
)3

3
− ...+

(−1)n−1
(

4
√
x3
)n

n
+ ...

 dx =

=

(
4

7
x7/4 − 2

10
x10/4 +

4

39
x13/4 − ...+ 4

n

(−1)n−1 x(3n+4)/4

3n+ 4
+ ...

)∣∣∣∣0,5
0

=

=
4

7
(0, 5)7/4 − 2

10
(0, 5)10/4 +

4

39
(0, 5)13/4 − ...+ 4

n

(−1)n−1 (0, 5)(3n+4)/4

3n+ 4
+ ... =

= 0.169887− 0.0353553 + 0.0107807− 0.00390625 + 0.00156475− 0.000563072 + ... ≈
≈ 0.169887− 0.0353553 + 0.0107807− 0.00390625 + 0.00156475 = 0.221494

Îòâåò: 0.221

5. Ðàçëîæèòü ôóíêöèþ y = f(x) â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå íà èíòåðâàëå
(−l, l):

f(x) = x(x+ 1), (−π, π).
Ðåøåíèå. Çàìåòèì, ÷òî ôóíêöèÿ y = f(x) íè ÷åòíàÿ íè íå÷åòíàÿ, ò.ê.

f(−x) = −x(−x+ 1) = x(x− 1) 6= f(x), f(−x) = x(x− 1) 6= −f(x) = −x(x+ 1).

Ðÿä Ôóðüå ôóíêöèè y = f(x):

f(x) =
a0
2

+
∞∑
n=1

(
an cos

πnx

l
+ bn sin

πnx

l

)
.

Âñïîìíèì ôîðìóëû êîýôôèöèåíòîâ Ôóðüå:

a0 =
1

l

l∫
−l

f(x) dx, an =
1

l

l∫
−l

f(x) cos
πnx

l
dx, bn =

1

l

l∫
−l

f(x) sin
πnx

l
dx, n = 1, 2, 3, ...
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Â íàøåì ñëó÷àå l = π. Ïîýòîìó, ïîëó÷àåì:

a0 =
1

π

π∫
−π

f(x) dx =
1

π

π∫
−π

x(x+ 1) dx =
1

π

π∫
−π

(x2 + x) dx =

(
x3

3
+
x2

2

)∣∣∣∣π
−π

=

=

(
π3

3
+
π2

2

)
−
(
−π

3

3
+
π2

2

)
=

2 π3

3
.

an =
1

π

π∫
−π

(x2 + x) cosnx dx =

⌈
Ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì:∫

UdV = UV −
∫
V dU,

U = x2 + x, dV = cosnx dx ⇒ dU = (2x+ 1)dx, V =

∫
cosnx dx =

1

n
sinnx

⌋
=

=
1

π

(x2 + x)
1

n
sinnx

∣∣∣∣π
−π
− 1

n

π∫
−π

(2x+ 1) sinnx dx

 =

⌈
Îïÿòü ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì:∫

UdV = UV −
∫
V dU,

U = 2x+ 1, dV = sinnx dx ⇒ dU = 2dx, V =

∫
sinnx dx = − 1

n
cosnx

⌋
=

=
1

π

(2x+ 1)
1

n2
cosnx

∣∣∣∣π
−π

+
2

n2

π∫
−π

cosnx dx

 = (2x+ 1)
1

πn2
cosnx

∣∣∣∣π
−π

=

= (2π + 1)
1

πn2
cosnπ − (−2π + 1)

1

πn2
cosnπ =

1

πn2
cosnπ (2π + 1 + 2π − 1) =

=
4π

πn2
cosnπ = (−1)n 4

n2
.

bn =
1

π

π∫
−π

(x2 + x) sinnx dx =

⌈
Ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì:∫

UdV = UV −
∫
V dU,

U = x2 + x, dV = sinnx dx ⇒ dU = (2x+ 1)dx, V =

∫
sinnx dx = − 1

n
cosnx

⌋
=

=
1

π

− (x2 + x)
1

n
cosnx

∣∣∣∣π
−π

+
1

n

π∫
−π

(2x+ 1) cosnx dx

 =

= − 1

π n

(
(π2 + π) cosnπ − (π2 − π) cosnπ

)
= − 1

π n
(−1)n

(
π2 + π − π2 + π)

)
= (−1)n+1 · 2

n

Îòâåò:

x(x+ 1) =
π3

3
+
∞∑
n=1

(
(−1)n 4

n2
cosnx+ (−1)n+1 2

n
sinnx

)
.
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