§64. PA3JTOXKEHUE ®YHKUWA B CTENEHHbIE
PAObI
64.1. Papwl Teitnopa n Maxknopena

i mpustoxkennii BaskHO yMmeTh pannyn dyHxmuio f(x) pasnarars B
creneHHol pan, T. e. Gyukuuo f(x) MpencraBiATh B BHIAE CyMMBI CTEHEH-
HOTO psfa.

Kax msBectHo (cM. Teopema 26.1), nms smoboit dyukunn f(z), onpe-
JEeJIEHHOH B OKPECTHOCTW TOYKH o U MMEIOlleil B Hell ITpOM3BOOHBIE MO
{n + 1)-ro mopsKa BKJIUATENBHO, cipaseasrBa dpopmysia Teitnopa:

" {xo)
ﬂmszw+f;“u—x@+fy (= 20)" + ..
™ (20
Y n(‘ ) (& — 20)" + Ru(e), (64.1)

)
rne R,(z) = (TLTI()C)( —xo)", ¢ € (xo,r), ocTaTouHLI} uNeH B

dopme Jlarpamka. Yucso ¢ MOxHO 3amuCaTh B Buie ¢ = To+80(x — ),
rae 0 < 8 < 1. ®opmyaty (64.1) KpaTko MOKHO 3AIACATH B BUIE

| /(@) = Pa(2) + Ra(a),]
ﬂ%w

e Pa(e) = flao) + 180 o —a0) 4.+
Teitnopa.

Ecau dyukuus f(z) nmeer mnpomnssomHble JIOOLIX OPAIKOB (T. €. Hec-
KOHEYHO TudxpepeHImpyemMa) B OKPECTHOCTH TOYKH Lo U OCTATOYHBIN 4jieH
R, (z) crpemurca k Hysmo opu n — oo (lim R,(z) = 0), To u3 dopmyJib

n—r00

x —x9)" — MHOTOYJIEH
( )

Tetinopa nosnyvaercsa passoxenne Gyaknun f(z) no creneusm (z — xo),
HaseiBaemoe psadom Tetiaopa:

(o (g
f(w):f(wo)+f(1! )(m—wo Zf (o) (z —m)". | (64.2)

Ecau B pame Teftsnopa nonoxure g = 0, T0 moayyuMm pasiioxkeHne
GyHKIHN IO CTETICHAM I B TaK HAa3bIBaeMmbilt pad Maxaopena:

f@) = 1) + L0y L0 2 gjfn, 1 e

Ormernm, 9to pan Tefyiopa MOXHO (pOPMAJILHO TOCTPOUTD A5 JH06OH
beckoneuno aubdepenunpyemMoit GyHxmmn (310 HEOGXOANMOE YCJIOBUE) B
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OKPECTHOCTH TOYKH Zo. Ho orcioma eme He ciienyer, 94To OH Oymer cxo-

IUTHCS K JaHHol dyHkupu f(r); oH MOXKeT 0Ka3aThCsl PACXOASIIMMCA AT
CXOAUTHCA, HO He K yuknuu f(z). Tak, nanpumep, GyHukums

=i

flz) = =" ecom x # 0,

e
0, ecimzx =10

umeeT B Touke 7 = () MpoM3BOIHbIE Beex nopaakos, mpmaem f(™(0) = 0
npu Bcakom n (eM. nopumep 19.5). Pan Maksnopena umeer Bus

0 0, 0,

On cxomures, HO ero cymma S(z) B mobo#l ToUKe & paBHA HYJO, a He f(xT).
Mycrs ana dyukuun f(xr) cocrasnen coorsercrBytomui el pan Tei-
JIOpa.

Teopema 64.1. [Ins Toro utobst pap Teirnopa (64.2) dyHkuun f{x) cxo-
avnca kK f(z) B Touke z, HEOBXOAUMO U BOCTATOYHO, YTOBbI B 3TOI TOH-
Ke OCTaTouHbIfi 4neH dopmynsl Teiinopa (64.1) ctpemuncsa K Hymo npu
n — 00, T. €. 4TOObI HILII;O R,(z) =0.

(A IHycrs pan Te#opa (64.2) cxonurca k dyskiun f(r) B HeKOTOpO#H
OKPECTHOCTH TOYKH Ig, T. €. f(x) = lim S,(z). Tak xax n-s yactuunas
n—oo

cymMma Sy, (z) paga (64.2) cosnanaer ¢ muorouienom Teiinopa Py,(z), T. e.
Sp(z) = Pu(x), naxooum:

lim R, (r) = lim (f(z) = Pa(2)) = lim (f(z) = Sn(2)) =

n—oo n—>00

= f{@) = lim Sa(e) = f(z) - f(2) = 0.

O6parno, nycts lim R,(z) = 0. Torna
n—oo

lim S,(z) = lim P,(z) = lim (f(z) — Ra(z)) =

n—oQ N—+00 n-—+00

= f@) = Jim Ru(@) = f(2)~0=f(z). W

Samevwanue. Ecau psan Teiduiopa (64.2) cxogurcs K IOpOXIaromiedt
dbynkmun f{z), To ocrarounstii wien dpopmynst Telisopa paseH octarky ps-
na Teftnopa, T. e. Ry (x) = rp(z). (Hamomunm, 910 Ry, (x) = f(z) — Sp(2),
ar,(x) = S(x) — Sn(z), toe S(z) — cymma psaga Teiimopa.)

Taknm obpasoM, 3anada passoxennss GyHKIUH f(x) B creneHHoi

PAI CBeleHA 110 CYIIECTBY K ONPENE/IeHNI0 3HAYEHU T, TIPM KOTOPbIX
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R, (x) = 0 (ipu n — 00). Ecsin cesiarh 3To He IPOCTO, TO CIIEAYET KaKuM-
HUOYIL MHBIM criocoboM yOemuThbes, YTo HamucaHubit pan Teiistopa cxo-
AWTCA K JAHHOH QyHKIMH.

Ha npaxTuke 9acTo NOMb3yTCs Cilenyoniell TeopemMoii, Koropad JaeT
HpOCTOE JIOCTATOYHOE yCIoBKe pasnoxumoctu dbynkuun B pan Tetitopa.

Teopema 64.2. Ecnun mopynn Bcex npoussoabix dynkuuit f(z) orpanm-
YeHbl B OKPECTHOCTM TOYKMN Tg OAHWM 1 Tem xe unciom M > 0, To ana
noboro x us 3Toih okpectHocTy pag Teitnopa dymkunn f(x) cxopnTes K
dynkumn f(z), T. e. nmeeT MecTo pasnoxenve (64.2).

[ Cornacuo reopeme 64.1, mocratodyno mokasarh, uro lim R,(z) = 0.
n—oo

IMo ycmoBuio Teopembl 64.2 ngist 06OrO 71 MMEET MECTO HEPaBEHCTBO
|f(™(z)] < M. Torna umeenm:

f(n+1)(c) n+1
. T ¥ i O P <
A Bl = B Ty 0w S
_ n+1 —r n-+1
< lim a [ EET g [E e
n—oo (n+ 1)! n—oo| (n+ 1)!
. (.’1? — Zo n+1
Ocrasocs nokasarh, 410 lim —————| = 0. st 3TOr0 paccMOTpUM
n—ool (1 + 1)!
pan
3 e
(n+1)!
Tax kak
u A 1! 1
TRRRCUIEE T k) MR (Cualh = |& - 20| - lim —0<1,
n—oo  Up n—00 (n+2)| |_,E_x0!n+1 n—oo N + 2

to 1o npusHaky dasmambepa sToT pan cxonuTca Ha Beelt wucsiosolt ocu. Ho
TOrA, B CUJIy HEOOXOIMMOrO INPU3HAKA CXOQMMOCTH,

_ n+1
lim w, = lim 225 g
n—oco n—oo (n + 1)!
CnenoBarensro, lim Ry,(z) = 0. |
n—o0

64.2. Pasno)xeHue HeKOTOPbIX 3/1eMeHTapHbIx yHKUUA
B psag Teiinopa (MaknopeHa)

s pasnoxenns dynakmuu f(z) B pang Makiopena (64.3) Hy»xHO:

a) maiitn npomssommeie f'(z), f'(x),..., f™(2),...;
6) BBIYUC/IUTH 3HAYEHHSA TPOU3BOAHBIX B TOYKE xg = ()
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B) Hanmucars pazn (64.3) mis 3aganHol GyHKIME U HAHTH €ero THTEPBaJs
CXOIVMOCTH;

r) valitu unrepsan (—R; R), B KOTOPOM OCTATOYHBIH wien psga Ma-
kjiopesa R, (z) — 0 npu n — oo. Ecnu Takoil mHTEPBAN CYIMECTBYET, TO B
HeM dyrkuua f(x) u cymma psaga MakJIOpEHa COBIIAIAIOT.

Jameuanue. B nHTEpPRAJIE CXOOUMOCTH CTENEHHOrO PsAAd OCTATOYHLIH
YJIeH CTPEMHTCA K HYJII0 IIPH 72 — 00.

ITpusenem Tabmuily, comepxalny o pasjioKenus B pag Maknopena He-
KOTOPBIX 3JI€EMEHTAPHBIX HYHKOuH (3TH Pa3jIOKeHUs Chemyer 3alOMHATE ):

2 n
z z x
e’”:1+ﬁ+—2—!+...+m+..., z € (—00;00),
(64.4)
3 5 2n+1
sinw:w—£—+£——...+(ﬂ1)” z +..., z€ (—o0;00),
3! 5! (2n+ 1)!
(64.5)
2 4 2n
cosx:1—%‘—+%—...+(——1)"(§n)!+..., x € (—o0; 00),
(64.6)
-1 -1 .. (a— 1
(1+x)a:1+%m+%%—)m2+...+a(a ) n'(a nt )x"+

[-1;1], ecama >0,
z€ ¢ (-1;1], ecom -1 <a <0, (64.7)
(=L;1), ecma< -1,

1
—— =1+t +.. .+ +... z e (~1;1), (64.8)

1-z ’
2 3 n+l ;
¢ =z x
In(1 =r—-—+—=——... -1H" —1:1 4.
n(l+z)==z 2+3 +(1)n+1+ , x€(-1;1], (64.9)
3 5 2n+1
=z W
—p_Z 4 _ — .. ~1; .
arctgr =z 3 +< + (-1 1 z € [-1;1], (64.10)
1 22 13 2 1.3.5 af
nr=z+- —4—2.L SR 411
arcsing =z + o 3+2'4 5+24-6 7+ (64.11)
1-3-5...(2n—1) g*n*!
- . ~1;1], (64.12
T a4 6..(2n) omgl v €[-1;1), (64.12)
I !
shw:x+-?)—!+5+..,+m+..., -’L'E(—OO;OO)y

(64.13)
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2 4 6 x?n

RO AN A )
che = +—2—!—+Z!—+a+...+(2n)!+..., x € (—0o0;00).
(64.14)
Joxkaxem dopmyay (64.4). [Iycrs f(z) = e®.
[ Umeem:
a) f'(z) = e7, f"(m) =e’, ..., f(")(iﬂ) =€, ..
6)f()=1f() ~,f 0)=1,...; (04 1)
T a n+ 1)1 _
B) e’ ~ 1+ 1' 2' + + + R - nh—?;o anj—l n—>oo' n! ‘ -
= lim (n+ 1) = oo, 1. €. psn CXOJII/ITCH B MHTEpBaJe {—00;00);
n—o0
r) s Beex & € (—R;R) umeem |f(z)| = ® < e = M, T e

BCE TPOU3BOIHLIE B 3TOM WHTEPBAJIE OTPAHNYEHB] OHAM W TEM XK€ IHCJIOM
M = e, Cnenosaresnbiio, no teopeme 64.2 lim R, (z) = 0. Takum obpa-
n—oo

30M, e* —1+1,+2,+ |
HNokaxem popmyay (64.5). liycrs f(z) = sinz.
[ Umeewm:
a) f'(z) = cosz = sin{z + ) f"(z) = ~sinz = sin(z + 2 - %),
f"(z) = —cosz =sin(z + 3 - %), o O )=Sin(m+n'%) e
0, n=0,24,6, ...,
6) £™(0) —sm7—T2ﬂ— =<¢-1, n=3,7,11, ...,
41, n=1,59...;
3 5 2n+1
. .z
B) s1na:~x—y+ﬁ—...+(—l)"-(2:‘£1n—_l_1)!+... Jlerxko mpose-

PUTE, YTO NOJIY9IEHHBIM DA CXOMATCA HA BCEH 9MCI0BOM ocH, T. €. [IPH BCex
z € (—00;00);

r) mobas npoussonHas Gyrkumm f(z) = sinz no Momy/0 He Ipe-
Bocxomut emuHnisl, |f) (z)] = ’sin (w +n- %)J < 1. CrenoBarennsHo, 10
Teopeme 64.2 umeer MecTo passoxenue (64.5). ]

Hoxkaxkem dopmyiay (64.6). Ilycrs f(x) = cosz.

(4 Popmyay (64.6) moxkHO 10Ka3aTh Tak XKe, Kak u popmysy (64.5). Onua-
KO IIPOIIE IOJIYYUTh PasJioxkenne hyHKIMN COS T, BOCIOJIb30BABIIICH CBOt-
crBoM 3 crenennbix pagos. IIpomuddepenuuposas nousenno pag (64.5),
MOJIYYMM:

2 4

¥ oz
cosm—1—§+4 cery T € (—00;00). ]
Hokaxem dopmyiast (64.13), (64.14). Ilycts f(z) = chz (unmm

f(z) =shz).
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[J 3amenus B dopmyse (64.4) r Ha —z, HoyunM pasjioxkeHue GyHKIUHE
e “:

z 2 2 z"

- _q_ T Tz _
e =1 TR 3!+4! v (1) i (64.15)
CrIpaBenJiMBoe I Beex & € (—00;00).
Cyummupya (i BBIYMTAs) HOWIEHHO paseHCTBa (64.4) n (64.15), mosty-
9MM Pa3JIoKeHne TunepGoIMIecKoro Kocunyca (Cuayca):

chz:gz—-f_2—e—i:1+f2—j+§+..., z € (—o00;00),
shm_ez 3 - x+§—+—§—?+. , € (—00;00)
@opmynst (64.13) u (64.14) poxazausr. |
Hokaxem dopmyay (64.7). Hycrs f(z) = (1+2)*, rne o € R
[ Nmeenm:
a) fllz) = ol + )%, f'(z) = a(a - DA + z)*2, L,

f™@) =ala—-1).. Aa—(n-1))(1+ a:)"_" ,neEN,
6) f(0) =1, f'(0) =, f'(0) = ala - 1), .
")(0)—a(a—1) a—-n+1),...;

B) (1 4+ 2)@ ~1+aw+—(a—2_—1—) A

+a(a—1)a~2)...4(a—-n+l)mn+.“;

n!
= lim [-82_{=]; (Oé—-lxa—g)...(a—(n—l))-(n+1)! _
) B=lim o= i | D=2 .. . (a=(r=T))(an)

= lim |2+l
n—ool X—N
B uaTepsaie (—1;1).
MoxHo TOKa3aTh, 9T0 U B JAHHOM CJIydae, T.e. npu & € (—1;1), ocra-
TO4HbIA wieH R, (z) cTpeMHTCA K HYJIH0 IPA 7. — 00. |

=1, 1. e. cocraByennsiii a1 Gyukoun (14 x)® pag cxoourcst

Pan (64.7) uaseiBaerca 6unomuaavrom. Ecim a = n € N, To Bee une-
Hbl pana ¢ (n + 1)-ro Homepa paBubI (), Tak Kak COHEP:KaT MHOXHTEJIb
a—-n=mn-n=0.B asrom ciyuae psan (64.7) npencrassszer coboit u3BecT-
uyio ¢opmysy 6uaoma HeroToHa:
n(n—1) , nin—1)...1

(1+x)"—1+F + = +...+—T—z".

Hokaxem dpopmyay (64.8). Ilycrs f(x) = i E :c

[ Popmysa (64.8) Moxker ObITh TOJTYyYeHA PA3HBIMU CIOCODAMIT:
1) mosB3YsACh NPABUIIOM passoKenns PYHKIUA B PAL;
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2) paccmarpuBas pag 1+ z+z2 + 22 + ...+ 2" + ... Kax pag reome-
TPUYECKON TPOrpeccuu, NepBblil YjieH KOTOPOU DaBeH eOUHUIE U 3HAMEHa-
Tenb ¢ = x; u3BecTHO (cM. npumep 62.1), 4TO HaHHBIA DAL CXOAMTCS [PH

€ (=1;1) u ero cymma paBHa

-z’
3) BocnosibzoBaBmuch Ghopmysoi (64.7): mosioxus B Heit @ = —1 u
3aMEHUB T Ha —I, noJyuum ¢opmyy (64.8). |

Hoxkaxem dopmyay (64.9). Hycrs f(z) = In(1 + x).
®opmysia (64.9) takke Moxer ObITh JOKA3aHA PA3HBIME CHOCOOAMHU.
IlpuBeneM onun U3 HUX.

[d PaccMorpum paBeHcTBO

1

=l-z+22 -2 +... +(-D)"z" +...,
14z

cnpaseuyusoe ais seex £ € (—1;1). Ucnosabsysa coiictBo 4 crenenHbix
PAOB, IPOUHTErpUpyeM NaHHbid pan Ha otpeske [0;z], z € (—1;1):

w1+t /dt—/tdt+/t2dt /t3dt+ (= 1)"/t”dt+

Ui

2 3 n+1
T x x
Inl+z)=2— —+——...+(-1)" +
(1+2) 273 U
MOXHO NOKa3aTh, 9YTO 3TO PABEHCTBO CHPABENJIMBO U IJ1A = = 1. |

Hokaxem dbopmyay (64.10). Ilycts f(z) = arctg .

[ Hosoxus B dopmyne (64.7) o = —1 u 3aMeHUB T HA T2, NOJTYyIUM
PABEHCTBO
1
m=1-‘$2+2}4—+(—1)n$2n+, .’L‘E(—l,].)
Toroa

.—_jldt—jtzdt+jt4dt—...+j(—1)"t2"dt+...,

(=]

njim

3 5 2n+41
T T z
arctgr =2 — — + — — ...+ (-1)" +...
& 35 SR
MoXHO TTOKa3aTh, YTO PABEHCTBO CIPABEIJIMBO u npu £ = +1, T. e. npu
scex z € [—1;1]. |

Hokaxem popmyiay (64.12). Ilycts f(z) = arcsinz.
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[ Tonoxus B dhopmyse (64.7) o = —L 4 samenus 7 na (—2?), nomyaum

2
PaBEeHCTBO
1 2 1-3 1-3'5
———:1 [— —_— 4 ——-—6 "].].
— to sttt e T z € [-1;1]
Torma

A | 3 [t 1-3,
0/_1jt—2dt /dt /? 0/ijztaltﬁt...,

+1 2 1.3 2°
arcsmz = - _—
2 3 '2.4 5
MO}KHO l'IOKaBaTb, qTO nOHy‘IeHHOG paBeHCTBO CrpaBeJInBO npn BCEX

e [-1;1]. |

Psmst (64.4) -(64.14) B komMOMHAIMN ¢ TPABUJIAMY CJIOKEHNsI, BHIYATA~
HUA, yMHOXKeHUs1, nudbdepeHMPOBAHU, HHTErPUPOBAHMS CTEIICHHBIX Psi-
10B (CM. CBOHCTBA CTEHEHHBIX PAKOB) MOIYT ObITh KCIOTB3OBAHDI P Pa3-
noxeHun (HEKOTOPbIX) apyrux ¢yuxouit B psin Maxsopena (Teisiopa).

|2 8j 08
+ .

Hpumep 64.1. Paznoxurs B psan Maksopesa dyuxuuwo f(z) = 3°.

Q Pemenne: Tak xax 3° = e%" = ¢®1"3 10, 3amenss z ua zIn3 B pas-
stoxennn (64.4), nomyuum:
In3 In®3 , In®3 In"3
3 _'1 1’ .Z'+T$2 T.’L'g ...+—'—.Z'n+..., 5176(—00,00).
! ! n!

pumep 64.2. Boimncars psan Maksopena dpysxkuun f(z) = In{4—z),

(Q Pemenne: Tak xax

f(z) = ln(4 - ) :ln4<1 - -13) :ln4+ln[1+ (—%)}

TO, BOCIMOJIb30BABIMKCH hopMmyJsiol (64.9), B KOTOPO# 3aMeHuM T HA (—i—),
TOJIY HUM:

12 z\3

In(4—z) =Ind4+ (—7) — (-4) +( i) -,

2 3

WIIH
1 1 z° 1 gt

ecin —1< -L <1, re. -4<x<4 ®

4 =



IIpumep 64.3. Pasnoxurs B psajg Makiopena GbyHKIMIO

Q Pemenne: Bocnosnnsyemcs dbopmydioit (64.8). Tak kak
2 2 2 1

f(:lj): = = - 3
5-z 3.(1-2) 3 1-%
TO, 3aMEHUB T HA % B dopmysie (64.8), mosryuum:
2 2 1+m+ z 2+ x 3+
3-zr 3 3 \3 3
i
2 _2 2 ¢ 2 $2+2 x2+2 x3+ L2t
3-z 3 33 3 3 33 3 3 3 3" ’
me—1<%<1,1.e.—3<$<3. o

§ 65. HEKOTOPBIE NPUIOXXEHNA CTENEHHbLIX
PAO0OB

65.1. MNpnbnnxxeHHoe BbiYncneHue 3HavyeHUin pyHkuUN

IIycTs Tpebyercs BBIMMCIUTL 3HA4Yenue dbyHkumu f(x) mpu £ = x1 ¢
3aJIaHHOI TOYHOCTBIO £ > (.

Ecom ¢pyukunio f(z) B uaTepsasie (—R; R) MOXKHO Da3JIOXUTh B CTe-
MeHHOU pA,

f(x) =ao+ a1z +az® + ...+ anz™ +...

u z; € (—R;R), To Tounoe 3Hadenue f(x1) PABHO CyMMe 3TOrO PAAA IPH
r =1a, T.€.

flz)) =ao+ a1 +a2wf+...+anm§‘+...,
a IpubJIMKeHHoe — JaCTHYHO# cymme Sy, (z1), T.e.
f(z1) ~ Sp(z1) = ag + a1, + a2z] + ... + anay.

To4YHOCTH STOTO PABCHCTBA yBeJMYHUBaeTCA ¢ poctoM 1. A6comoTHas mo-
TPEemHOCTb 3TOTO HpI/I6J'II/I}KeHHOFO PaBCHCTBa PaBHa MOLYJIIO OCTaTKa pAaa,
T. €.
|f($1) - Sn(xl)l = IT‘n(.I'1)|,
e
_ n+1 n+2
'I’n(ibl) = Ap4+1Tq + apt22 —+ ...
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