Mnasa XIV. CTENEHHbLIE PA4bI
Nexuyyn 53-55

§62. ®YHKLNOHANDbHDLIE PAAbI
62.1. OcHoBHbIE NOHATUSA

P, 4wieHAME KOTOPOro ABJISAIOTCSA (DYHKIMA OT T, HA3BIBAETCST PYHK-
YUOHAADHBIM

\

D un(@) =w (1) + u2(2) + .+ un(z) + - (62.1)

IIprnasas ¢ onpeneseHHOe 3HAYCHUE Tg, Mbl TOJIYINM YHCTOBOH P
ui(zo) + u2(2o) + ..+ Unl@o) + ...,

KOTOPBIH MOXKeT OBITh KaK CXOAAMMMCS, TAK U PACXOIAIMUMCS.

Eciu nonyyeHHbIH YMCJIOBOM Dsifi CXOAMTCH, TO TOYKA Lo HABHIBAET-

ca mouxoti crodumocmu psama (62.1); ecom ke psJl PACXOTATCA —
mouxoti pacxodumocmu dHYyHKHUOHATILHOTO PALIA.

COBOKYNHOCTD YMCIIOBLIX 3HAYEHNI apryMenTa T, TPH KOTOPHIX dpyHK-
IMOHAJIBHBIA sl CXOOMTCS, HA3LIBAETCA €ro obaacmuio cxodumocmu.

B obanacrn cxomumocti ¢GhyHKUHOHAIBHOTO PAJA €r0 CyMMa SABJIAET-
cs1 Heko1opo# dyukumeit ot z: S = S(z). Oupenenserca ona B obsacTu
CXOOMMOCTH PABEHCTBOM

S(z) = nlggo Sp(z), tme Su(z) =u(x) +us(z) +... +up(z) —
YacTUYHAA CYMMa PAOA.
o0
Hpumep 62.1. Haiitn 06518CTh CXOAMMOCTH pana » ., ™.

n=0

(QQ Pemenne: IlauHbI psij sBISETCA PsNOM FeOMETPHYECKOH mporpeccun
co 3HaMeHareneM ¢ = z. CJl€10BaTEIILHO, ITOT PAJ cxomurea npu |z| < 1,

T.e. ipu Beex x € (—1;1); cymma psiia paBHA 1=

S(z) = Zz":-i—z, opu |z] < 1. o

ITpumep 62.2. UccnenoBarb cXoquMOCTb (DyHKIHOHAJIBHOLO PIga

oo . 2
Z smn-xr
— -
n=1 n
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(Q Pemenue: Cocrapum papn u3 abCOMOTHBIX BEJIWYMH YJICHOB MCXOMHOTO

pana: 9

sin & sin 2%z sinn’z
2 2 2 (62.2)
1 2 n
sinn’z 1
Tak kak mpu Jnobom xr € R umeer Mecro, COOTHOLIEHVE '—7?——' < o7

a pfAn ¢ obIUM YJIEHOM % cxomuTcesi (00OOMmEeHHbIH TAPMOHNYECKUH P,
n

p =2 >1, em. . 60.4), To no npusHAKyY cpasHeHuA pax (62.2) cxomures
mpu & € R. Crenosaresbio, MCXOmHBINR psin abCOTOTHO CXOOUTCS IPU BCEX
z € R = (—o00;+00). e
Cpenyn GYHKIMOHAIBHLIX PALOB B MATEMATHKE U €€ IPU/IOKEHUIX 0CO-

OyI0 poJib UTPAeT Psifl, YIEHAMEU KOTOPOTO SIBJIAIOTCA CTenenHbie hyHK-
UMM apPTyMEHTa, I, T. €. TaK HA3bIBAEMBLH cmenenHoti pso:

o
E Az = ag + a1z + a2 + ...+ anz™ + . .. (62.3)
n=0

HeiicteuresibHbIE (MM KOMILIEKCHBIE) YUCTIA (0, 61, A2, . - - , Ay, - . . HA-

3bIBAIOTCA KOaPPuyuenmamu psada (62.3), x € R — meilcrBurens-
Has HepeMeHHasd .

Psan (62.3) pacnonoxen mo creneHaM z. PaccMaTpusaior Takke Cre-
[eHHOM psl, PACHOJIOKEHHBI [0 cTeneHsiM (T — o), T. €. pAJ BUIA

o0
Zan(ﬂf —2)" =aptai(z—xo)+ - tan(—z0)" +..., (62.4)
n=0

rje o — HEeKOTOPOe NOCTOAHHOE YHUCJIO.

Pan (62.4) nerko npusonurcs K suay (62.3), ecsu nonoxuTh r—=ry = 2.
ITosToMy NIpM M3y4YEHUM CTENEHHBIX PSJIOB MOXKEM OIPDAHMYHTHCS CTETIeH-
HbIMU pAnamu Buga (62.3).

§63. CXOOUMOCTb CTENEHHbLIX PAOOB

BeisicHuM BOmpoc 0 ¢X0AMMOCTH CTeneHHoro psana (62.3).
O6siacth cxoauMocTr creneHHoro psna (62.3) conepxur no xkpaiineh
Mepe onHy To4KY: ¢ = 0 (pax (62.4) cxoauTcs B TOUKe T = xg).

63.1. Teopema H. Abens

00 obslacTu CXOOUMOCTH CTEINEHHOTO PsiAa MOXKHO CydUTh, UCXONA U3
cJienyonleil TeopeMsl.

Teopema 63.1 (A6enb). Ecnn crenennoin pap (62.3) cxogutcs npwm
z = 29 # 0, TO OH abBCONKTHO CXOAUTCS NpPW BCEX 3HAYEHUSX T, YRO-
BJIETBOPAIOLUNX HEPABEHCTBY |z| < |zol.
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o0
[ o ycnosumo pam Y, a,xzd cxomurcs. CrremosaresnsHo, T0 HeoOXOINMO-
n=0
My mpusHaky cxomumoctu lim anzf = 0. Orciona caenyeT, 4To BemIHHA
n—>o0

apZ§ OTpaHWYeHa, T. €. HalimeTca Takoe dmcso M > 0, 94TO Oy BCeX 7
BBIIIOJTHAETCs HEPABEHCTBO |an x| < M, n=0,1,2,...

[Mycts |z| < |70, Torma BenmuuHa g = z’ll < 1 n, cieaoBaTesnbHo,
0

:L_n

-1<M-¢", n=0,12,...,
Ty

|anz™| = lanzg]| -

T. €. MOYJ1b KaxkI0ro 4jeHa pama (62.3) He MPeBOCXOAUT COOTBETCTBYIO-
mero anena cxonAmeroca (¢ < 1) psma reomerpudeckoit nporpeccun. Ilo-
3TOMY 1O MPH3HAKY CPaBHEHUA NpH |z| < |zo| pan (62.3) abcosmoTHo CX0-
AAmuics. ]

Cnepcreve 63.1. Ecnun pap (62.3) pacxoautcs npu & = 1, TO OH pac-
XOAWTCA 1 NpW BCEX T, YROBAETBOPAIOWMX HepaseHcTsy |z| > |z1].

[ eitcrBuTebHO, €CJM AOMYCTUTHh CXOAUMOCTh DANA B TOYKE Iy, IS
KOTOpO# |x2| > |21], TO 1O Teopeme Abessi pan cxonUTCs NMPH BCEX X, A
KOTOpPBIX |Z| < |E2|, ¥, B 4aCTHOCTH, B TOYKE 1, YTO IPOTHBOPEYHUT YCJIO-
BHIO. |

63.2. WintepBan u paguyc CXOQMMOCTHK CTENEHHOro papa

N3 reopempr AGens cienyer, 4To ecau xog # 0 ecTb TOYKA CXOIUMO-
CTH CTENEHHOro psAga, To uHTepBan (—|xol;|zo|) Bech cocromr u3 Touex
CXOAMMOCTY JAHHOTO PAIA; IPH BCEX 3HAYEHUAX T BHe ITOrO MHTEPBAJIa
pan (62.3) pacxomurcs.

-R PAJ1 CXOIHUTCS R
pan pacxomures | @T O |zol PAL PACXOAUTCH

Puc. 259

Wnrepsan (—|zol;|zo|) m naseiBalor unmepsasom crodumocmu

crenennoro paga. Ilosnoxus |zg] = R, naTepBas CXOAAMOCTH MOXHO
sanucarh B Buge (—R; R). Yucio R nassiBaior paduycom crodumocmu
CTENEHHOIO PsAna, T.e. R > 0 — »ro Takoe ¥ucso, 4TO NpH BCEX T, /s
kotopwix |z| < R, pan (62.3) abcomoTHo cxomatcs, a upu || > R psan
pacxomutca (cM. puc. 259).
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B wacrrocTH, KOrna pax (62.3) cxogurcsa smus B OMHOR ToUKe Lo = 0,
TO cuntaeM, 9T0 R = 0. Ecsin xe pan (62.3) cxonuTes npu BCex 3HAYEHUIX
z € R (T e. BO BCeX TOYKAX YMCJIOBOH OCH), TO cauTaeM, 410 K = 00.

OTMeTHM, 4TO Ha KOHLAX MHTEPBaJIa cxomumocty (1. e. npu £ = R u
npu £ = — %) CXOMMMOCTH PAfla IPOBEPAETCA B KaXKIOM CJIy4ae OTAE/bHO.

st HAXOXAEHUs PAIHYCa CXOAUMOCTH CTeneHHoro pana (62.3) mox-
HO TIOCTYIUTDL CJienyomuM obpasom. COCTaBUM psAm U3 MOMyJsield YJIEHOB
JaHHOrO CTENEHHOTO PAIA

Iaﬂl+¢alzl+wazxzy+...+¢an$"1+.._

¥ IIPUMEHUM K HeMy npusHak Jamambepa. HonyctuMm, uro cymecTByeT npe-
aen

n+1
An+1T
apx”

Unp+i
Up

Anyt
ap,

lim

n—o0

= lim

n—o0

#0, z#0.

=|z|-
n—00

Io npusnaxy anambepa psa cxonurcs, ecan |z| - lim
n—o00

"+] I <1, re.
DAL, CXOIMTCS IIPA T€X 3HAYEHUAX T, LA KOTOPBIX

1 .
1 g ] = A
7n—00

psA, coCTaB/IeHHBI! U3 MouyJsiell 4IeHOB psAa (62.3) PACXOJUTCA IIPU TeEX

3HAYEHUAX T, IJIsA KOTOpbIX || > lm a—Qﬂ—‘ Takum obpasoM, mjst ps-
n—oof Apt1

naa (62.3) paguyc abcomOTHOR CXOMUMOCTH

Qn

R = lim

n—00

(63.1)

An41

AHanoru4HO, BOCHOJIB30BABUIMCH PANUKAJILHBIM Ipu3HAKoM Kourm,
MOXKHO yCTAHOBHTD, YTO

1 i
R= — (63.2)
lim 3/|an|
n—»00
Samenanus.
1. Ecam lim ‘——*— = 0, To moxuo ybenurncsa, 9ro psaxg (62.3) ab-
n—roo
COJIIOTHO CXONUTCA Ha Beell umcioBolf ocn. B stom cayuae R = co. Econ
lim [%2tl] = 00, 10 R = 0.
n—oo| Qn

2. UHTepBas CXOOUMOCTH CTENEeHHOro pama (62.4) maxomsT u3 Hepa-
BeHCTBA |& — To| < R; mmeer Bupn (g — R; o + R).

3. Ec cTenenHOH psil CONEPXKUT HE BCE CTEIEHU &, T. €. 33JIaH HEIOJI-
HbI{l CreneHHON PAN, TG WHTEPBAJI CXONMMOCTH Psifa HaxogatT Oe3 onpene-
JIeHus paanyca cxonamocT (dopmyaint (63.1) u (63.2)), a HemocpencTBeHHO
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npumenssa npusHak Jlanambepa (wm Komw) misa psma, cocraBiaeHHOro u3
MOTIyJIeH 9eHOB JAHHOTO PANA.

z"

oG
IIpumep 63.1. Haiitu 06acTh CXOMUMOCTH pAma Y T

n=0

%

Q Pemenne: Bocnoassyemcsa dopmyJioit (63.1):

!
= lim w— = lim (n+1) = 0.
n—00 . n—oo

1

. o
R = lim n
n-—>00

(n+1Y)

CrnenoBaTesibHO, JaHHLIH papn, abCOJIIOTHO CXOAUTCA HA BCel 4HCII0BOl ocu.

IIpumep 63.2. Haiitu 0bsacTh CXOOUMOCTH PALIA
. 2n—1

T Y
S i SRR A VAN e

Q Pemenne: 3ananunit pag #enosinbii. Bocnonbsyemes npusnakom Ha-
sambepa. Ilaa nasndoro pana vMeeM:

,$2n71' l$2n+1’
fund = 5 = 5,
Al (9 — 1 2n -1
lim |2 = fim 2 | (n2 _1) = |2?| - lim o = z?
n—00| Uy n—00 (2n—}—1)|;1; n | n—ooo 20+ 1

Pan abcostroTHo cxomurcs, ecm 2 < 1 unu ~1 < z < 1. Hccnenyem
OBEIAEHUE DALY HA KOHIIAX HWHTEPBAJIA CXOIUMOCTH.

[pu x = —1 umeem pag —1 + % — % + % — ..., KOTOPBIIl CXOOUTCA MO
npusnaky JlefibHuna.

IIpu £ = 1 umeem pax +1 — % + % - % + ... — 3TO TOXKE CXOUAUTUR-
cs1 aeitoauuesckuii pan. CienoBaresbHO, 00/1aCTHI0 CXOMMMOCTH UCXOIHOTO
pAsa ABNAETCS OTPe3oK [~1;1]. ®

ITpumep 63.3. Haiitu 0b51acTh CXOOUMOCTH pPAIA

i (z+2)"

e

—n- 2"

QQ Pemenne: Haxonum paguyc cxonumoctu pana 1o dgopmysie (63.1):
11 (n+1)-2%

n.2"‘1 (n+1)2" n—00 n.Q"_l -

R = lim = 2.
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CrenoBaresnibho, pajg cxomurca npy —2 < x4+ 2 < 2, 1. e. npu —4 < 2 < 0.
IIpu £ = —4 umeem pan
o0

— (2" n
Z n-on-1 7 22(_1) .
n=1 n=1
KOTOpHIi cXonures No upusHaky Jlefibanua.
IIpn z = 0 nmeeM pacxonsuuiicsa paz

0 on 0 1

; n-2n"1 Z:: n
CrnenoparesbHO, 06/18CTHIO CXOIMMOCTH HCXOMHOIO PAAA ABJISETCS T10-
siyoTpesok [—4;0). ®

63.3. CsoiicTBa cTeneHHbIX psgoB

Cdopmynupyem He3 N0Ka3aTe/ILCTBA 0CHOBHBE C60TicEa (TEeNeHnblX
PSIIIOB.
. 1. Cymma S(z) crenennoro psiga (62.3) ABjgerca HepepuBHONK (yHK-
el B uHTepBaJIe CXO)II/IMO(‘TI/I (— R' R).

2. Crenennnie paapl Z a,z" u Z bpx™, IMelWNEe PAIHYCHI CXOIU-

MOCTH (’OOTBGTCTBGHHO R1 u Ry, MO}KHO HNOYJIEHHO CKJIAIbIBATD, BBIUHK-
TaTh N YMHOXKAaTh. Pagnyc cXxonuMocTy IpOU3BeNeHus, CYMMBI U PA3HOCTH
PAMOB HE MEHBINE, YeM MeHbluee w3 yucen R u Rs.

3. CrenenHolt psifi BHYTDU HHTEPBAJIA CXOAUMOCTHA MOXKHO TOYIEHHO
muddepeHnnpoBaTh; NPy 3TOM JIJ1sI pAIa

S(x) = ao + a1z + agz® + a3z’ + ... + anz" + ... (63.3)
upy —R < & < R BBINOJHAETCA PABEHCTBO

S'(z) = a1 + 2a2x + 3azz> + ... +n-apz™

+o. (63.4)

4. Crenennoil pan MOXHO TOYJIEHHO HHTEIDHPOBATL Ha KAXKIOM OT-
pesKe, PAcloIOKEHHOM BHYTPH HHTEPBAJIA CXOIUMOCTH; IPH 3TOM /1 Pa-
12 (63.3) npu —R < a < z < R BbINOJIHAETCA paBeRcTBO (CM. 3aMedanne 1,
c. 416)

T T 3 T &
/S(t)dt:/aodt-i—/altdt—l-/athdt+...+/ant"dt+... (63.5)
a a [£] a

Psapt (63.4) n (63.5) nmeI0T TOT XKe pagnyC CXOMUMOCTH, YTO W MCXOIHBIH
CTENeHHoH pa.

Ilepeuncrnennsie cBoitcTBa 1-4 OCTAIOTCA CIPABENJINBBIMYU K IJIA CTE-
MeHHBbIX PANoB BRIa (62.4).

CBolicTBa CTEIIEHHBIX PANOB WIXPOKO UCIOIL3YHOTCA B TEODETHISCKHX
UCCJTEIOBAHNAX U B MPUOMIKEHHDBIX BLIYACTCHUAX.
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