Fnasa Xlill. YN1CNOBbLIE PAObl

JNekuynu 51-52

§59. UWNCNOBLIE PAALI
59.1. OcHoOBHbIE NOHATUA

BeckoHeYHBIE PAABI IHUPOKO MCTIOJIB3YIOTCA B TEOPETNICCKUX HCCIEI0-
BaHUAX MATEMATHYECKOrO AHAJIM3A, UMEIOT PA3HOOOPA3HbIE NPAKTHICCKHIO
TpUMEHCHUA.

HJucaoevim psadom (Mam 1POCTO psadom) Ha3LIBAETCA BBIPAXKCHHE

BUA

oo
Zu,1=u1+uQ+...+un+..., (59.1)
n=1

TO€ U1, U2, ..., Un,... — JeHCTBUATEIIBHBIC MM KOMIJIEKCHBIC YHCA, HA3DI-
BaeMble YAEHAMU PROG, U, obuwum waerHom psiia.
Psy1 (59.1) cunraeTcst 3a,1aHHEBIM, €C/IT W3BCCTEH OOIINI 4jleH AN, Uy,
BbIpaKeHHbIH Kak QYHKIMA ero Homepa n: u, = f(n).
CyMmma mepBbix 1 wiieHOB pana (59.1) HaseBae1cs n-i wacmuurot
cy.M,.M,ot'I pAana u 0603HAYAETC ST yepes Sn, T.e. 5, = Uy +Up+---+Un.
PaccmorpuM dacTudHbIE CyMMbl

51:?11, SZZU1+U2, 53:U1+’LL2+U,3,...

Ecau cymeciByer xoneunwiii npenen S = lim S, nocaenoBareabHO-
- 0OQ

CT! YACTUYHBIX CyMM pana {59.1), 10 5T0T npeaes Ha3LIBAIOT CYMMOT

o
pada (59.1) u rosopsT, YTO AL crodumes. 3amuchBAIOT: S = Y Up.
n=1
Ecmu lim S, ne cymecrByer mim lim S, = oo, 10 pan (59.1) nazer-
n—>r0o0 n—oo
BaIOT pacrodsujumcs. Takol psag CyMMbl HE UMeET.
PaccMoTpuM npuMepsl.

1. Pan 2 + 17 — 3%1 + 196 + ... Hesb3a CYATATH 33TAHHBIM, & PN

24+54+8+... — MoxkHO: ero obmu# wien sanaerca Gopmyaod u, = 3n — 1.
22Pan04+04+0+...+0+... cxomurcs, ero cymma passa 0.
3.Pag1+1+1+...+1+... pacxogurca, S;, = n — oo IpH 1 — 00.
4.Pag1-141-1+1-1+... pacxoanTcs, Tax Kax NOCJICIOBATCIHHOCTD

yacTu4nblx cymm 1,0,1,08,1,0,... (S = 1,52 = 0,5; = 1,...) He umeer

Tipeaesia.
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n=1
1 1
Si=ra=lty
1 1 1 11 1
S=13+73-0-3)+(G-3) =13
g - 1 1 1 _
"1t 3T I T T Ry
1 11 1 1 1 1 1
=(-3)+G-3)+G-7) Gmr) =t
CarenoBaTtelibHO, 1
lim S, = lim (1— ) =1,
n—00 n—oco n+1

L. €. psg CXOAMics, ero cymMma paBua 1.
PaccMoTpEM HEKO10OPBIE BAaXKHBIE CBOHCTBA PSIIOB.
Ceoficmeo 1. Ecom pan (59.1) cxonuics v ero cymMma pasia S, TO pan

o

E Cup =cCul +cus +...+cu,+ ..., (59.2)
n=1
[Oe ¢ — IOPOU3BOJIBHOE HHCJIO, TAKKE CXOOATCS U €r0 CyMMma paBHa cS.

Ecuiu xke pan (59.1) pacxomurcs u ¢ # 0, To u pag (59.2) pacxomurcs.
(d O6o3na4um n-1o 9acTranyio cyMmy pama (59.2)uepes S Torma

Sﬁlu) =cuy+ecus+...+tcu, =clug +uz+...+u,) =c-Sn.
CaenosaresibHO,

lim S = lim 5, =¢- lim S, =¢S5,
n—+oo n—roQ T~—>00
T. €. pan (59.2) cxonurcst u uMeer cymmy c¢S.

IMokaxkem Temepb, uto ecam pan (59.1) pacxomures, ¢ # 0, 10 u
paz (59.2) pacxoaures. domycrnu nporussoe: pan (59.2) cxonntesa 1 umeer
cymmy Si1. Torma

S = lim S(“) = hm ¢Sy, =c¢ lim S,.

N0 n—o0

Orcioga nostydaem:
. Sh
lim $, = —,

n—oo C

T e. pag (59.1) cxomures, YTO MPOTHBOPEYHT YCJIOBUIO O PACXOAMMOCTH

psana (59.1). |
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Ceoiicmeo 2. Ecyn cxomarcs pan, {59.1) u cxonmresi pag

i Un, (59.3)
n=1

a UX CyMMbI paBHBI S1 u So COOTBETCTBEHH(, TO CXOIATCA U Psiabl
oo
> (un £ vy), (59.4)
n=1

IPUYEM CyMMa KaxK I0I'0 PABHA COOTBETCTBEHHO S7 + .S5.

[J O6osnasmm n-e yactudubie cyMmbr panos (59.1), (59.3) u (59.4) uepes
Sslu), S u S, coorsercrsenno. Torna

lim S, = lim (S +8®) = lim $™ + lim S =5, + S,
n—r00 n—+00 n—oo n—00

T. e. Kaxkaplii u3 panos (59.4) cxogutces, m cymma ero pasaa S + Sz cooT-
BETCTBEHHO u

Us cpoilcrsa 2 BhITEKaeT, 410 CyMMa, (Pa3HOCTh) CXOAAUIErOCS W Pac-

XONAMIErOCH PAJIOB €CTh PACXOMAWMNACS P,

B cnpaBenimBoCcTH 3TOr0 YTBEPXK ACHHS MOXHO yOenUTHCS METOJIOM OT
[IPOTHBHOLO.

BameTuM, 4TO cyMMa (pPa3sHOCTB) IBYX PACXOUSAUIMXCH PAIOB MOXKET
ObITh KAK CXONAMMMCS, TAK U PACXONAIUAMCH PAIOM.

Csoticmeo 3. Ecomu x pany (59.1) npubasurs (unu oT16pOCUTH) KOHEY-
HOE YUCJI0 YWIEHOB, TO NOJIy4eHHbl psn u pax (59.1) cxonaTes niu pacxo-
NSITCA OHOBPEMEHHO.

[J Ob6osnaunm gepes S cymMy OTODOIIEHHBIX WIEHOB, 9epe3 k — HAnNGOIb-
muit 13 HOMEPOB HTUX “IeHOB, UT0OBI He MEHATH HYMEPAUUIO OCTABINWX-
cs1 wienos pana (59.1), 6yneM camTaTh, YTO HA MECTE OTOPOIIEHHDIX JIe-
HOB mocTaBwin Hys. Toraa npu n > k 6yAeT BHIMOJHATHCS PABEHCTBO
Sp = S], = 8, tne S}, — 3T0 n-s1 YACTAYHAA CYMMa PN, MOJYIEHHOIO
u3 paga (59.1) myteM OTOPACHIBAHUA KOHEWHOTO YUCIA, YyieHoB. [loatoMmy

lim S, =S+ lim S,,. Orcioga ciemyer, 4T0 Npenesibl B JIeBO# U NPaBOH
n—0 n—oo

9aCcTAX ONHOBPEMEHHO CYIECTBYIOT WIH HE CyNIECTBYIOT, T. €. psng (59.1)
cxonurcs (PACXOMUTCS) TOTAA M TOJBKO TOT/A, KOTMIA CXOAATCS (PACXONAT-
¢s1) psAnbl 63 KOHEYHOTO YHCIIA €70 YJIEHOB.

AHaJIOrHYHO pacCyXIAeM B CjIyuae OPHIHCHIBAHUA K PNy KOHEIHOTO
9IHCJIA 4JIEHOB. n

Pa >
. Unpi F Uiz b= Y up (59.5)
k=n+1
Ha3BIBAETCA N-M ocmamkom pade (59.1). On nonyvaercsa us paga (59.1)
oTbpaceiBanmeM 71 nepBbIx ero wieros. Pan (59.1) nonyuaerca usz ocTarka,
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n06aBIeHNEeM KOHEYHOTO YHCIA WIEHOB. 1109TOMy, COIVIACHO CBOUCTBY 3,
pazn (59.1) u ero ocrarox (59.5) OXHOBPEMEHHO CXONATCA WA PACXOLATCA.
W3 cBolicTra 3 Taxxke caenyer, uro ecim pax (59.1) cxomurcs, To ero

ocTarok 1, = S — S, = Upy1 + Upyo + ... CTPEMHTCA K HYJIIO TIPH
n — oo, .e. lim r, =0.
n—oo

59.2. Pap reomerpuyeckou nporpeccuv

Hccnenyem ¢xomMMoCTh paia
atagtag® +...+ag" ' +... (a#0), (59.6)

KOTOpBIH Ha3biBaeTCs1 padom zeomempuueckoil npoepeccuu. Psan (59.6) va-
CTO WCHOJIB3YeTCs [PU UCCIIENOBAHNN PAJOB HA CXOIUMOCTb.
Kak u3BecTHO, CyMMa NEpPBbIX 7 <IEHOB IPOTPECCHUM HAXONWICH MO

a(l-q")
dopmyne S, = =g g # 1. Hailnem npenen 1ol cymmbr:
a 1 - ¥
Iim S, = lim ( q): a4 —a lim 4
n—00 n—oo 1—g¢q 1—g n—oo 1 — ¢
PaccmoTpum cieyoomuye CIydan B 3aBUCAMOCTH OT BEJIMUUHbBI §:
1. Ecoin |g| < 1, T0 ¢" — 0 npu n — oco. [losromy lim S, = T @,
n—00 q

pan (59.6) cxomurces, ero cyMMa paBHA 1 g q;
2. Ecyim |g| > 1, 0 ¢ — 00 upu n — oo. Mosromy lim S, = oo,
n-—oo

paz (59.6) pacxomntcs;

3. Ecm |g| = 1, To npu ¢ = 1 pan (59.6) npunumaer Buz

a+a+a+---+a+---, ananero S, =n-au lim S, = oo, T. e. pax (59.6)
nN—~300

pacxopwrcst; ipy ¢ = —1 pan (59 6) upurumMaer Buna —a+a—a+... —

B 9TOM ciyuae S, = 0 npu dyernom n u S, = a npu HedeTHOM n. Ciienosa-
tenapHo, lim S, He cymectsyer, pag (59.6) pacxomurcs.
n—oo

Urax, psan reomerpudeckoit nmporpeccur cxomurcsa npu |g| < 1 u pac-
xomurcs mipw Jg| > 1.
Ipumep 59.1. Tlokazarp, 9T0 pan 23+22+2+%+...+ 2n—1‘§+

CXOOUTCA.

(Q Pemenne: lanubii psag MOXKHO IEPENHCATD TAK:

1 1 1
22.14+2%. 2428 2—2+...+23-—+..,

2 2"
Kax BunHo, on mpencrasiaer coOOU psan reoMeTpHYecKO# mporTpeccuu ¢
a=2unq= % < 1. Bror pag CXOOUTCA COrJIACHO CBOHCTBY 1 YHCIIOBBIX
panos. ®
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59.3. Heobxopumeblii npu3sHak CxoguUMOCTU YNCNOBOTO
papa. FNapmoHuyecknit pag

Haxoxpenue n-it 9acTnaHoM CyMMBI Sy, U €e Tpenesia A/ TPOU3BOJIh-
HOTO PALA BO MHOTHX CJIyYasx sABJIAETCA HellpocToi 3anadeit. [Toatomy miis
BBLIACHEHNA CXOOUMOCTHA PALA yCTAHABJIMBAIOT CIIENNAAJIbHBIE NPU3HAKU CTO-
dumocmu. [lepBbIM 13 HUX, KAK NPABUJIO, ABJIAETCS HEOOXOIUMBIA IPU3HAK
CXOIUMOCTH.

Teopema 59.1. Ecnu pag (59 1) cxopntcs, 10 ero obwuit 4nen u,, crpe-
MUTCA K HynioO, T e. lim u, =0
n—ro0

[ Tyvers pan (59.1) cxomurea u lim S, = S. Tormga u lim S, = 8
n—>00 n—o0

(npun = oo u (n—1) = o). YunrwBas, 9to u, = S, — S, upun > 1,

noJlydaeM:

lim u, = lim (S, — S,—;) = lim S, —hm Sno1=85-5=0. N

n—ro0 n—00 n—ro0

Cnepcrane 59.1 (gocrarounoe ycnosue pacxogumoctv psipa). Ecan

lim w4, # 0 vnn 3TOT Npegen He CYLUECTBYET, TO pAA PacXoanTCs
n—oc

[ HeiicTBuresbHo, ecam 661 psi cxoauscs, To (no Teopeme) lim u, = 0.
n—000

Ho 310 nporusopeunt yenosuo. 3uavut, psan pacxomuTcs. ]
IIpumep 59.2. Uccnenosarb CXOOUMOCTD PAgA Z n + 52
n=1
Q Pewenne: Psg Z 3n — oy 5 paCXO,lII/ITCﬂ T. K.
n=1
3n —
hm u, = lim =3#0,
n—co 4 5
T. €. BBUIOJIHSETCA JOCTATOYHOE YCJIOBUE PACXOMUMOCTH PAIA. ®

IIpumep 59.3. UccrmenoBarh CXOOUMOCTD PANA
1\1 132 1\ 7
(1+—) +(1+—) T (1+—) +...
1 2 n

n
(Q Pemenuve: aHHBIE pAn pacxommTcd, T. K. lim u, = lm (1 + l) =
n-—00 n—00 n

=e#0. ®
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Teopema 59.1 maer HeoOXommMOe yCJIOBHE CXOAUMOCTH PAda, HO HE
JOCTaTOYHOe: M3 ycjoBus lim u, = 0 He caemyeT, 4TO pAl CXOOHUT-
n—7r0oC
¢sl. DTO O3HAYAET, YTO CYNIECTBYIOT PACXOISIMMECH PAIBI, OJIA KOTOPBIX
lim u, =0.
n—>00
B kauecrBe mpuMmepa pacCMOTPUM TAK HA3BIBAEMBIH 2apmonuveckull

pad
o0
1 1 1 1 1
=l -t =+ )
Doo=ldgtt gttt (59.7)
n=1
OueBuaHO, 9TO ]i_)m un = 0. Ongnaxo pan (59.7) pacxonurca. [Tokaxem
n o0
aT0.

n
[4d Kax ussecino (cum. (17.14)), lim (1 + %) = e. OTCl0ma ciiemyet, 910

n—o0

n
upu Jio6oM n € N umeer MecTO HEPABEHCTBO (1+ %) < e. Jlorapudvupyst
ITO HEPABEHC1BO [0 OCHOBAHMIO €, 110JIYIHM:

n-ln(l+ %) <1,

T. €.
1 1 1
- >lnn+ , —>In(n+1)—Inn
n n
Topcrapisg B NOJSYYEHHOE HEPABEHCTRO oouepennon = 1,2 ..., n—1,n,
MTOJTY YUM:
1>1In2,
1
=>In3—-1n2,
2
- >1n4—1In3,

1
= >In{n+1)—Inn.
n

CTox¥B NOYJICHHO 3TH HepaBeHCTBa, noJiyaum S, > In{n + 1). [Tockons-

ky lim In(n + 1) = oc, mosmyvaem lim S, = oo, T. e. rapMOHUYeCKHil
n—00 n—oo
pax (59.7) pacxoaurcs. [ |
B xadecTBe BTOPOro NpuMepa MOXKHO B3ATH DAL
LI S LI
Vi V2 V3 T
3necy lim u,, = lim B Oanako 3TOT Pl PACKOHUTCA.
n—>00 n—oo \/N
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[ HelicrBurensno,
1 + 1 + 1 N 1 S 1 N 1 n 1 1

= — 4 —4—=+...—=> =t —=4 ... —==—-n=
Vi V2 V3 Vv oV i vn  n

T. e. Sp > y/n. Crenosarenbno, S, — 0o npu n — 00, psag pacxonurca. W

S, Vvn,

§60. NOCTATOYHbIE NPU3BHAKU CXOOQUMOCTHU
3HAKOMNOCTOAHHbIX PAOOB

Heobxomumplil npu3Hak CXOOUMOCTH HE AAET, BOOOIE rOBOPSst, BO3MOXK-
HOCTH CYJMTH O TOM, CXOOUTCH Jin JAHHBIY pan wiu Her. CXOOMMOCTDL K
PACXOIMMOCTD PALA BO MHOIMX CJIy4YasX MOXKHO YCTAaHOBUTIH C NOMOIbIO
TaK HA3BIBAEMbIX JOCTAMOYHHBIEL NPUIHAKOS.

Paccmorpum HEKOTOpBIE U3 HUX I 3HAKOMOAOHCUMEALHBIT DPi-

[I0B, T. €. PAJOB C HEOTPULATEIIBHBIMM 4JIEHAMY (3HAKOOTPUIIATE/IbHbIN
PAI TIePeXOAUT B 3HAKOMOJIOKHTE IbHBIA nyTeM yMHOXenus ero ma (—1),
4T0, KAK W3BECTHO, HE BJIMSIET HA CXOOUMOCThL PANA).

60.1. Mpusnaku cpasHeHnn papos

CXonuMOCTh WM PACXOTUMOCTh 3HAKONOJIOKATEILHOIO PAJA YaCTo
YCTaHABJIMBAETCSA [IyTEM CPABHEHHA €T0 C IPYTAM («3TAJIOHHBIM®) PIOM,
0 KOTOPOM HM3BECTHO, CXOOUTCA OH WM HeT. B OCHOBE TAaKOro CpaBHeHWs
JIeXAaT CJedyonre TeOpeMbl.

Teopema 60.1. Nycte gaHb! ABa 3HAKONONOKNTENBHBIX pAaa

S un (60.1)

f: o (60.2)

Ecnn ANst BCEX 71 BLINOAHAETCA HEPABEHCTBO

10 M3 cxoanmocty psiga (60 2) cnepyer cxoanmocTs pana (60.1), us pac-
xoanmocTn psaa (60 1) cnepyer pacxogumocts paga (60 2)

[J O6osuaunm n-e vacTuanble cyMMmbl pagos (60.1) u (60.2) coorBercTBeH-
HO 4epes Sr(lw u S,(lv). W3 nepasencrsa (60.3) ciemyer, 4to

5w < 5V, (60.4)
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IMycte pan (60.2) cxonures 1 ero cymma pasra Sa. Torna lgn ST(:’) = Ss.
k22 oo

YUnenw paga (60.2) nosoxurenbus, HOSTOMY s <« So ¥, CNEAOBATENHHO,
¢ yyeroM HepaseHcTBa (60.4), Sﬁ“) < S5. Tagkum 00pa3OM, NOC/IEIOBATE b~
rocrs S, S, S ... monoronHo ospactaer (u, > 0) u orpanme-
Ha, cBepxy unucsoM S3. Ilo mpusHaky CymecTBOBaHMS npemenia (CM. Teope-

Ma 15.3) nocnenosarenbnocts {SYY} umeer npemest lim S =5, e
n o0

pan (60.1) cxonures.

ITycrs teneps pazg (60.1) pacxomurca. Tak Kak 4ieHbl PANA HEOTPU-
(w) _
n

HarenbHbl, B 3TOM cjydae uMmeem lim S, = oo. Torma, ¢ yuerom nHepa-

n—00

Benctsa (60.4), nonygaem lim S = o0, T e. pan (60.2) pacxomurca. M
n—>o0

3amenanue. Teopema 60.1 cnpaensiuBa 1 B TOM cjiy4ae, KOIJa HEPa~
senctso (60.3) BhmoJIHAETCH He IS BCex wieHoB panos (60.1) u (60.2), a
HAYUHAsL C HEKOTOPOIo HoMepa IN. D9TO BLITEKAET U3 CBOACTBA 3 9HMCJIOBBIX
psaoB (cm. . 59.1).

Teopema 60.2 (npepenvuoiii npusnak cpasHerus). lMycts fans gsa
sHakononoxuTenbhbix psana (60 1) n (60 2) Ecnn cywectsyer koneunbti,
otnuunbii or 0, npepen lim 22 = A (0 < A < o), To paab (60.1)

n—oo Up
n (60.2) cxogaTCA MM PACXOZATCA OAHOBPEMEHHO.

[ To onpenenenuio npenena nociaenosareaprocta (cm. m. 15.2) nna seex
71, KPOME, BO3MOXKHO, KOHEYHOTO YHAC/IA UX, IJIs1 JI000ro € > () BHINONHAETCS

HEPaBEHCTBO ’%ﬂ - A' < €, nm
n

(A—¢) vy <up <(A+e)- vy, (60.5)

Ecaum psan (60.1) cxomurcs, To m3 jieporo HepasencTBa (60.5) u Teo-

o0

pembi 60.1 BoITekaer, uro pan Y. (A — €)v, Takxe cxogurca. Ho rorna,
n=1

corsacuo ¢BofictBy 1 uncsoBeix panos (em. m. 59.1), panx (60.2) cxomurcs.

Ecsin pan (60.1) pacxonures, To u3 npaBoro HepaseHcTBa (60.5), Teo-
pemsbl 60.1, cBoiicrsa 1 BeiTexaer, 4to # pan (60.2) pacxoaurcs.

Anastornuno, ecia pan (60.2) cxonutesa (PacXOqUTCA), TO CXONAUMMCS
(pacxonamumcsa) Gyzer u pan (60.1). ]

o0
Ipumep 60.1. Uccienosars Ha CXOMUMOCTD PSII, Y ﬁ
n=1
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Q Pemienne: CpaBauM HDaHHBIH P ¢ PAIOM T€OMETPHYECKOR TPOrpeccuu

Z 217” KOTOPBIH cXoauTcs (¢ = % < 1). meem ﬁ < ZL" CienoBa-

n=1

TEJIbHO, NAHHBIA PAd CXOOUTCA. o
- _1
Hpumep 60.2. Vccnenosars CXOOUMYCTD PANA Y —5~.
n=1 \/T_l
(Q Pemenne: 3pech u, = %\/_ Bosbmem psizi ¢ OOIuM WIEHOM Uy, = %,
n

KOTOpBIH pacxomurca (rapmMorudeckuii psan). Mmeem # > T—IL CanenoBa-
n

TeJIbHO, NAaHHDIM psaJ PACXOOUTCA. [ ]

IIpumep 60.3. VccnenoBaTs CXOLUMOCTH PANA Z te o B

n=1

(Q Pemenue: IIpumeRnM TpenesbHbIi TPHU3HAK CpaBHeHnA. Tak Kax

to
lim -85n — % # 0 (cm. mpumep 17.7), To 10 Teopeme 60.2 ucxombrit
n—od0 —
n
PAM PACXOOUTCS, KAK CPABHUMBIH C FAPMOHIYECKIM PALOM. ®

60.2. MpusHax [Janambepa

B oTamuve oT IpU3HAKOB CPABHEHUSI, I BCE 3aBUCUT OT JOTAJKHU U 3a-
aca U3BECTHBIX CXOOANINXCS U PACXOAAINXCA PAJOB, npusHak Hamambepa
(1717-1783, dpanuy3ckull MaTeMATHK) MO3BOJISIET YACTO PEIIMTH BOIPOC O
CXOIUMOCTH Psifla, IPOJEJIaB JIKIIbL HEKOTOPbIE OEPAIMUd HAL CAMUM Pi-
JIOM.

Teopema 60.3. Mycts paH pag (59.1) ¢ NONOKNTENBHBIMK YSleHaMKM 1
U
CYLLeCTByeT KOHeuHbI Wnn Beckonevnbii npegen lim —2El —
nsoo Up

Torpa paa cxogutea npu | < 1 un pacxoautes npu [ > 1.

.
[ Tax kax lim -2+ =, 10 no onpenestenmo nmpenesna nya soboro € > 0
k(3

—o0 Up
HalimeTcsa HaTypaJibHOE YUCJIO N Taxoe, 94TO IIpu n > N BBIHIOJIHAETCS

HepaBeHCTBO
un+ 1

l’<£ wm —e< 2 cgqe (60.6)
Un

Un

[Mycrs [ < 1. MoxkHO TIOO0OpaTs € TaK, 910 9ucyo | +¢& < 1. Oboznaunm
l+¢& =g, q <1 Torna us npapoit 4acTu HEPABEHCTBA (60.6) nosyyaem

U
Z'H < g, WA Upy < q Un, 1 > N. B cuny cpolicTBa 3 4uCIIOBBIX pAAOB
n
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MOXKHO CUYMTATh, 9TO Upt] < ¢ - Up 4 Bcex n = 1,2,3,... HaBas HOMEDY
T 3TU 3HAYEHNS, IOJIYIAM CEPHI0 HEPABEHCTB:

U2<‘1‘U17
ug < g - U2 <q2u1,
uqg < q - U3 <q3u1,

T. €. WJICHBI PsAOa U2 + U3z +Ug + ...+ Uy + ... MEHbIIE COOTBETCTBYIOUINX
WIEHOB PANA QU1 + @2u + Uy +.. .+ ¢ uy +. .., KOTOPBIH CXOMUTCH KAK
PpAA reoMerpudeckoil nporpeccuu co snamenatenem 0 < ¢ < 1. Ho rtorna,
Ha OCHOBAHNU IIPU3HAKA CPABHEHUA, CXOOUTCA P Ua + U3+ ...+ Up+ ...,
CJIEN0BATENBHO, CXOMUTCA W HCXOMHBIH psax (59.1).

Mycrs [ > 1. Batom coysae lim 224
n—oo  Unp

=1{ > 1. Orcwopa cienyer, 4To,

Unt1

HA4YMHAA C HEKOTOpOoro Homepa N, BBINOJIHAETCA HEPABEHCTBO YN > 1,
n

WIH Upt] > Up, T. € WIEHBI PsALA BO3PACTAIOT ¢ yBEJIMYEHUEM HOMEpa 1.

Mostomy lim u, # 0. Ha ocnoBanuu cjiencTBus n3 HeoOXOMUMOTO TPU3HA~
7n—00

xa (cm. m. 59.3) pax (59.1) pacxogurcs. |

Samenwanus.

1. Ecu [ = 1, o pan (59.1) moxker 6bITh KaK CXOASUMMCA, TAK U
PACXOOSIIMMCS.

2. Tlpumsnak Ilanmambepa uesiecooOpa3HO NPUMEHATH, Koraa oOmumit
YJleH psfa CONEPKUT Bhlpaxkenne Buna n! mim a®.

8

IIpumep 60.4. WUccienobarb Ha CXOOUMOCTD Psif, ;LlT
n=1"""

Q Pemenue: Haxomum

1
(n+1)!
1
n!

Un+1

! 1
= lim n i

! = lim lim —— = lim
n—o0 (n+1)! n—ooo + 1

n—oo Uy n—oo

Tax xak | = 0 < 1, To gaunstit pag no npusHaky [lasambepa cxomurcsa. @

IIpumep 60.5. Uccnenosarh CXOIUMOCTH Psna

118

3
I
-
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Q Pemenne: Boiuucnsem
g+t o3n . 3"-3.0°
(‘—-2 : 7) = lm o =
nooo\(n+1)° n n—oo 3" . (n + 1)

n \2 1 2
=3 1im (=) :3lim< 1) =3
n—oo\7 1 n—oo\ 1+ o
Tak xax | = 3 > 1, 1o manHblii psa no npusHaky [amambepa pacxomurcs.

60.3. PagukanbHbii npusHak Kowm

Wuorga yiobHO 1MOJIB30BAThCs paduxasvhovim npusnakom Kowu nns
HCCNEIOBAHUA CXOAUMOCTH 3HAKOHOJIOKUTEIBHOrO PsAa. ITOT HPU3HAK BO
MHOrOM CXOX ¢ Tipm3HakoM Jajiambepa, 0 4em rosopsiT ero popMyJimpoBKa
N JOKa3aTeJIbCTBO.

Teopema 60.4. MNyctb aaH pag (59.1) ¢ NONOXKUTENBHBIMU YsteHAMUN U
CyWIECTBYET KOHeYHblit unmn beckoneurniid npegen lim %/u, = 1.
n-—>00

Torpa psn cxogutes npu I < 1 w pacxoantes npn [ > 1.

Kax u nns npusHaka [lanambepa, B ciiyuae, xorna [ = 1, Bonpoc o
CXOAMMOCTH PsJIa OCTAETCH OTKPBHITHIM. [JOKA3aTEIbCTBO TEOPEMBI AHAJIO-
THYHO JOKA3aTejbeTBy npusHaka anambepa. IloaTtomy onyctuMm ero.

(e8] n2
Hpumep 60.6. Uccienosarb Ha CXOMMMOCTD PAI Y 3% . (ﬁ—i—l) .
n=1

Q Pemenne: Tak xak

= 2 n o\ 1 n \"
nglf’)—"_.(n+1) :2';@”(11,4—1) ’

TO NPUMEHNM paanKaJibublii npusnak Koo k psaxy

o0 2

n=1
Brrunciisiem

1 n n?2 1 1 11
— i n — 1i ni___. =— 1 T m — o5 T
b= lim %un = lim {5 (n+1) 373520(1+%)" 3¢t

2

o0 n
Pan 21 3% . (ni 1) CXOOUTCHA, 8 3HAYMAT, CXOOUTCA M MCXOOHBIN Psii,
n=

L]
COTIACHO CBOUCTBY 1 YHMCIIOBBIX PANOB. L
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60.4. WinterpansHbiii npusHak Kowwm.
0O6006weHHbIV rapMOoHU4YecKkuii psg,

Teopema 60.5. Ecnu uneHbl 3HaKONONOXNTENBLHOTO psAfa i‘ Uy MOTYT
ObITb NpeacTaBnNEHbl KaK YMCNOBLIE 3HAYEHUS HEKOTOPOI :gnlpepblsnoﬁ
MOHOTOHHO YbbiBatoweid Ha npomexyTke [1; +00) dyHkunn f(z) Tak, 4to
up = f(1),u2 = f(2),...,un = f(n),..., 70:

+00
1) ecnn / f () dz cxopntecn, 1o cxoamntca n pag (59.1);

2) ecnu f(z) dz pacxopmutca, To pacxopntca Takxe u pag (59.1).

- + =
\8

O cxopumocTy HecOOCTBEHHBIX UHTETPAJIOB cM. § 40.

[ Paccmorpum KpuBOJIMHEHHYI0 Tpanenmio, OrpaHHYeHHYI0 CBepXy rpa-
dbukom dbyuxunu y = f(z), ocHoBanUeM KOTOPOU CyKuUT oTpe3ok ocu OF
or z =1 no z = n (cm. puc. 258).

T

U2

Puc. 258

IlocTponM BxOAsAmAe W BBIXOOAIMUE TPAMOYTOJABHUKH, OCHOBAHUAMU
KOTOpbIX cjyxar orpeskd [1;2], [2;3], ... YuureiBas reomerpudeckuit
CMBICJI ONIPEIEJIEHHOTO HHTErpaJia, 3anuirem:

Ff(2)1+f(3)-1+.. . +f(n)1< /nf(x) dz < f(1)-1+f(2)-1+...+f(n—1)-1,

15 KoHcnekr aekuuit mo Beiciieit Matematuke IMosnbiii Kype
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nm n
uz+u3+...+un</f(m)dx<u1+uQ+...+un_1,
1

nJin

Sy — u1 < /f(a:) dz < Sp — un. (60.7)
1

+oo
Cayuati 1. HecobGcTBeHHBIH wmHTErpas / f(z)dz cxomurcs, T.e.

n 400
/ flz = A. Hockombky /f z)dr < / f@xydx = A, 10 ¢ yue-
1
TOM HepaseHcTBa (60.7) umeem: S —u; < A, .e. S, <u; + A. Tak xax

TIOCJIeOBATEIbHOCTh YACTUYHBIX CYMM MOHOTOHHO BO3PACTae€T W OrPAHU-
vyeHa cBepxy (dmcsiom u; + A), TO, IO MPU3HAKY CYIECTBOBAHKS IIpenesa,

umeer npenes. Caenosarenbuo, psag (59.1) cxomurca.
—+o00

Cayyaii 2. HecobcTperHBIH HHTETDAT / f(z) dz pacxomurca. Torna

1
+oo n

/ f(x)dz = +oo u mETErpasLI / f(z) dz Heorpanu4eHHO BO3pacCTAIOT

1 1
n

opu 1 — 00. YUuTbIBadA, 94TO Sy > /f(m) dx + u, (cm. (60.7)), mosmyqaem,

4110 S,, = 00 npu n — o0. CienoBarennuo, naunbi ps (59.1) pacxomures.
|
+oo

Samenanue. Buecto unrerpana / f(z)dr moxmno 6parh mHTErpas
+o0

1
f(x)de, tne k € N, k > 1. OrbpacbiBatine k NepBLIX YICHOB pAda

k
B pange (59.1), KaK M3BECTHO, HE BJIMAET HA CXOOMMOCTH (PACXOIUMOCTE)

pazna.

1
n-lnn’

ITpumep 60.7. HccinenoBars HA CXOOUMOCTH P Z

Q PemeHHe Bocnosipzyemca UHTETpaIbHbIM TpusnakoM Kormu. QyHKus

f(z) =

VIOBJIETBOpsieT yCJIoBuAM Teopembl 60.5. Haxomum

T ln T
+oo
dz 00
/ =In|lhz|| =oco.
rlnz 2
. 1
3HauuT, psd ¢ OOMUM YIIEHOM Uy, = oz pacxomurcs. o
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Pan

oo
1 1 1 1 1
n=1

rxe p > 0 — mefCcTBUTESIBHOE YHCJIO0, HA3BIBACTCS 0600UieHHbIM 20DMOHU-
weckum padom. st uccnenopanust paga (60.8) Ha cx0IMMOCTh TPUMEHUM
UHTErpasbHb npusHak Komu (npusnaxu Hanambepa u Komu orsera o
CXOIMMOCTH He AI0T).

Paccemorpum dynxumo f(z) = m_lp' 91a DYHKIIUsT HEIPEPHIBHA, MOHO-
1

TOHHO yObIBaeT Ha mpoMmexyTke [1;+o00) u f(n) = -7 = Un. TMpup # 1
nMeeM:
%] a 1—
d r Py
Y — lim [2Pdr= lim =
xr a-00 a—oc 1 —ph
1
) al™? 1 —l [, ecmnp>1,
= lim ( — ——) =P
esoco\l—p 1-p 0, ecu p < 1.
IIpu p = 1 umeem ol’(‘)apMOHI/Iqe('KI/Iﬁ pand Uy = %, KOTOPBIH pacxoauTCs

(BTOpO# cnocob: / df = 00). WUrak, pan (60.8) cxonurcst npu p > 1,
! 1 1

pacxomurest mpu p < 1. B wactHoCTH, Pan 14+ 5+ 5 +...+ 5 +...
cxonuTcsa (MOJIE3HO 3HATH). "

PaccmoTperHbie IpU3Haky CXOAMMOCTH (€CTh M APYTHE) 3HAKOMOJO-
JKHUTEJTHHBIX PAIOB MO3BOJIAIOT CYIUTh O CXOIUMOCTH MPAKTHIECKH JHIOGOTO
HOJIOKUTETLHOTO pAna. HeobxonuMmbie HABBIKY TPUOOPETAIOTCA HA TPAK TH-
Ke.

§61. 3BHAKOYEPEQYKOLLNECH
N 3HAKONEPEMEHHBIE PA4bI
61.1. 3Hakouepegyrowmecs pagbl. NMpustak JleiAbHunuya

Paccmorpum BaxkHBIM KJ/TACC PAIOB, HA3BIBAEMBIX 3HAKOYEDEIYIONIH-
MUCS. 3HAKOUEPeIPOUWUMCA PAJOM HABBIBACTCA DAL BUAA

w —ug Fug—ug+ ...+ (=D u, + - = Z(—l)"'Hun, (61.1)
n=1

rae uy, > 0 g Becex n € N (1. €. psin, HONOKUTEJIbHBIE M OTPHIATEILHbIE
YJICHBI KOTOPOTO CJICLYIOT APYT 3 JAPYrOoM HOOYEPEHO).

11151 3HAKOYEPELYIOIMMXCS PAIOB UMEET MECTO JOCTAMOYHLLY TPU3HAK
cxomumocTr (yctaHossenubid B 1714 r. Jleitbunuem B muceme x U. Bep-
HyJLUIH).
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