Ecm gynkuma f(z) wernaa (f(-z) = f(z)), 1o f(-z) + f(z) = 2f(2);
ecsm dynknua f(x) nevernan (f(—zx) = — f(x)), To f(—=z) + f(z) = 0.
CnenoBaresibHo, paBeHcTBo (39.5) npunnmaer Bug (39.3). |

Braronapsi pokasannoit hbopmysie MOXKHO, HAIpUMED, CPpa3y, He NPOu3-
BOJIs1 BLIYUC/IEHUH, CKA3aTh, 9YTO
T 3
2 s 03 —z? .
cos” x - sin® x dx = 0, e -sinzdr = 0.
n -3

§40. HECOBCTBEHHbIE UHTEIPANDbI
b

OnpenesieHHbI# M1 €1 pat / f(z) dz, tne mpomexyrok HHTErpUpoBa-

@
Hus [a;b] KOHeuHBbIH, a nogbiHTel panbnaa GyHkima f(r) nenpepeiBHa Ha

otpeske [a; b], HA3BIBAIOT €llle COBCMBEHHBM UHMELPAAOM.
Paccmorpum Tak HasblBaeMbie HECOOCMBEHHBLE UHIMEZPAABL, T. €.
OTIpEHeSIEHHBIH MHTerpasa OT HenpepbiBHOH dynkimu, HO ¢ GecKOHeu-
HBIM TPOMEXYTKOM WHTETPUPOBAHUA WJIU ONpPeJIeSIeHHBIIl UHTErpaj ¢ Ko-
HEYHBIM IPOMEXYTKOM HHTErPUPOBAHUST, HO OT (DYHKIINHK, UMEmet Ha HeM
HeckoneuHbIH pa3pbis.

40.1. Nuterpan c 6eckoHe4HbIM NMPOMEXYTKOM
nHterpuposaruna (HecoGcreenHbiii nuterpan | poga)

IIycte dbyuxuus f(z) HempepbiBHA Ha HIpOMeXyTke [a;+00). Ecan
b

CYIIECTBYET KOHEYHbIH NpeneJt hm / f(z)dz, o ero nasviBa1 Hecob-

+oo
CTMEEHHBIM UHTE2DAAOM NEPBEO20 poda 1 0603HAYAIOT / flx)dz.
a
Taxum 06paszom, o ONpeneaeHnIo
+o00
/ flz)dz = lim / flz
b—+o00
Qa
+o00

B stom cayvae roBopsar, 9TO HeCOOCTBEHHBIH WH1erpaJ / f(z)dz cxo-

a
dumecsa. Ecimm ke ykasaHHBIH TIpenesl He CymIeCTByeT MJu OH HGeCKOHeYeH,
+oo

TO IOBOPAT, YTO MHTETpaJl / f(z) dz pacxodumes.

a
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AHAJIOrMYHO ONpeesaeTcs HeCOBCTBEHHbI HHTErpasl Ha IPOMEKYTKe
(—o0; b]:

b b
O/o f(w)dea}}Ime[f(w

HecobcrBennntit muTerpas ¢ npymsa bGeckoned-

y HBIMU IIPEAETIAMU OIIPEOEIIACTCST (bopMyJIOﬁ
+o0 c +00
[ f@de= [ f@de+ [ fla)da,
. ORG — 00 -0 c
OI a T

e ¢ — Opou3BOJIBHOEC YUCJTO. B 2TOM CJIy4yae
Puc. 171 A p Y
I/IHTera.H cJieBa CXONUTCA JINIOb TOT1a, KOrda

cxonarca oba uHTerpaJia CrupaBa. OTMeTI/IM7 YTO €CJIN HelpepbhiBHAA d)yHK—
—+00

uusa f(z) > 0 na npoMexyTre [a;+00) U MHTErpasn / f(z)dz cxomnt-

a
CAA, TO OH BBIPAKAET IJIOWAAL DECKOHEeUHO AJIMHHOM KpuBoauHeiHo#! Tpa-
neuun (cM. puc. 171).

IHpumep 40.1. Borancauth HecoOOCTBEHHbIE HHTEIPAJILI HJTH YCTAHO-

+o00 0
BHUTb MX PACXOOUMOCTH: 1) %ﬁfy; 2) / coszdz; 3) / Qf.
1 —00 1
“+o00 b b
Q Pemenne: 1) / %7— = lim [2?dv=- lm 1| = —-(0-1) =1,
x b—+o00 b—s+oo T i1
HHTErpaJs CXO,III/IT(%H; !
0
2) / coszdr = lim [ cosxzdr = lim sin acl =0- lim sina,
a——0o0 a—r—0o0 a-——00

a
HHTErpaJl PaCXOAuTCA, TAK KaK MpU a — —0o0 Ipeaes lim sina He cylue-
a—r— 00

o0

3 [ %= m
z b—00

1

B HexkoTOpHIX 33Aa49aX HeT HeOOXOOAMOCTH BBIYHCIIATD UHTETpaJl; Jo-

CTBYyeT.

dv _ lim In b = oo, urTErpaT pacxoguTcs. ®
T b—o0

H\o-

CTATOYHO JIMIIb 3HATDH, CXOOUTCA JIN OH WUJIU HET.

IIpuBenem 6e3 TOKa3aTeAbCTBA HEKOTOPHIE MPU3HAKNA CXOLUMOCTH.
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Teopema 40.1 (npusnak cpasHenus). Ecan va npomexytke [a; +00)

HenpepbisHble dyHkumun f () n o(z) yaosnersopsiot ycnosuo 0 < f(z) <
+oo

< (), TO N3 CXOQMMOCTI UHTErpana / w(x) dz cnepyeT cxopMMoCTb
[
+o00 +oo

vHTerpana f(z)dz, a u3 pacxopumocTn uHTerpana / f(x)dz cne-

a
+o00
AyeT pacxognmocCTb nHTerpana / (p(m) dz.

a

IIpumep 40.2. CxonuTcsi U UHTErPaJI / “_Q(Tdf—:;—ﬂ)?

Q Pemenne: IIpn z > 1 umeem

ZA+39 <7 Ho unrerpan / d—2:1

—2'——" TakKe CXOMUTCA (U ero

1
+3
(o]
cxonurca. CrienoBaTesIbHO, HHTErpaJl /
P J z“(1 +3%)

3HaveHue MeHbIle 1).

Teopema 40.2. Ecnun cywectsyer npeaen hm —3—% =k 0<k<x

o0

(f(z) > 0 n o(x) > 0), To nHTerpansi / f(z)dz w / ¢{z) dz ogHoBpe-

a a
MeHHO 0Da cxopATes nnu oba pacxopatcs (T. e. BepyT cebs oanHakoBo B
CMbICNIE CXOAMMOCTH).

+co
IIpumep 40.3. ViccnenoBars CXOOUMOCTb MHTEIPAJIA / In& 242

22 +1

dz.

+ 00

Q Pemenne: Unrerpan / In a’ i%dm CXOOMTCA, TAK KaK WHTErpaJ

—+o0

/ ifg CXOIOUTCS U
z

1

2

In L£2 In(1+ =) -
lim —%*L = lim | [
x—+00 T—>+00 i r—40o0 s




40.2. WuTerpan ot pa3pbiBHOV pyHKUMN
(necobersennnid unterpan tl popa)

ITycrs bynkuua f(x) menpepbisHa Ha mpoMexyTke [a; b) u umeer Gec-

KOHeYHbI# paspbiB npu z = b. Eciu cymecTByeT KoHeuHbIt Hpemet
b—e )
lir% / f(z) dz, TO €ro HA3BIBAIOT HECOBCTNEEHHBIM UHIMEZPAAOM 6TNOPOZO
e—>
a b

poda u 0603HaYAIOT / f(z)dx.
a

Takum 06pa3oM, IO OITPEIETIEHNIO,

b b—e
[f@)dz=1lim [ f(x)do.

Ecrm npenen B npaBolf 4acTu cymecTByerT, TO HeCOOCTBEHHBIH HHTErpaJi
b

f(z)dx cxodumes. Ecov xe ykasanuwill npenes He cymecTsyeT uim 6ec-
. b
KOHEY€eH, TO M'OBOPAT, YTO HHTErPaJI / f(z)dz paczodumcs.
a

Anasornuno, ecom dysxuus f(z)

TepnuT OeCKOHeYHBIH pas3pblB B TOYKe
T = a, TO NOJIATaIoT

Y

b b
/f(a:) dr = lim / f(z)de.
e—0
a ate
Ecsm dbysxkuua f(z) repnur paspsis BO
BHyTpeHHel Touke ¢ oTpeska [a; b], To ve-
COBCTBEHHBIA MHTErpaJl BTOPOIO POLA
onpeneJisiercs hopmyol

/bf(-”ﬂ)dw:/cf(a:)dx-i-/bf(z)dx.

Puc. 172

B 9TOM csiyyae mHTErpaJ CJieBa HA3BLIBAKT CXOOAUIMMCH, ecn 00a Hecob-
CTBEHHBIX HHTErPaJia, CTOSIINX CIPaBa, CXOOATCS.

B cnyqae, korma f(z) > 0, HecoGeTBeHHBIH MHTErpast BTOPOTO POAa
b

/ f(z) dr (paspsis B TOUKe T = b) MOXKHO UCTOJKOBATH TEOMETPHIECKH KAK

a
IJI0IA,Ih GECKOHEYHO BBICOKOH KpuBosmmHeHON Tpanenuu (cMm. puc. 172).

1
IIpumep 40.4. Beravcours / i%
z
0
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Q Pemenne: Ilpu £ = 0 hynrmus y = :c—12 TepnuT 6eCKOHEYHBIH PA3PHIB;

1 1
dx . 1 1
/—:hm z72dr = — lim = 1—lim — | = o0,
2 =0 e—0 I 0+5 e—0 g
0+e
VHTErpaJl PaCXOOUTCH. o

CdopMyupyeM TPU3HAKA CXOAMMOCTH 7151 HECODCTBEHHBIX MHTErPaA-
JIOB BTOPOTO POIA.

Teopema 40.3. Tyctb Ha npomexyTke [a;b) dyHkuun f(x) n p(x) He-
NpepbIBHbl, Np = = b TepnaT BeCKOHeUHbIH paspbis W YAOBNETBOPAIOT
b

yenosuio 0 < f(2) € o). VI:; CXOQMMOCTN MHTErpana /<p(x) dz BbI-
@
Tekaer cxoaumMocTh nuterpana | f(x)dz, a U3 pacxopuMoCTU nHTerpana
b J b
/f(a:) dz BbITekaeT pacxogmmocTs uHTerpana | ¢(x)dz.

a a

Teopema 40.4. Nycts dyHkumn f(x) v (x) HenpepbiBHBI Ha Npome-
XyTke [a;b) n B Touke £ = b Tepnat paspbls Ecnn CyLLleCTByeT npegen

flz) _ .
;gri o) = k, 0 < k < o0, TO unTerpanst /f z)dzr w /ga(m ) dzx ogHo

BPEMEHHO CXOAATCA WNn OQHOBPEMEHHO paCXO,ElﬂTCﬂ.

ITpumep 40.5. Cxonurcst jiu MHTErpaJi / qu

1
sin x 1
B Touke z = 0. PaCCMOTpMM dyuxkumio p(x) = s WnTterpan

(Q Pemenne: Oynkuua f(x) =

umeet Ha [0; 1] enuHCTBEHHBIH PA3PHIB

- 1

i .

— = lim ——hmlnx| =0—-Ilimlne

X e—0 £—0 e—0
0+e

pacxonurcsa. W tak kax

f T
lim ——~= (z) = lim — =1,
z—0 Yz ) z—0 sinx
1
TO HHTErpaJl s;jrfz TaKXKe PacXoouTcCs. o

0
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