(Q Pemenne: Ucnonbsyem dopmysy (24.6): Tax kax
¥
v =2z, y" =2, dr=3"dt, d*z=6tdt?,

TO

d*y = 2dx? + 2z - 6tdt? = 2(3t% dt)* + 2(t3 + 1)6t dt* =
= 18+ dt? + 12t dt? + 12t dt® = (30t + 12t) di?.

2

Hpyroe pemenue: y = z2, x = t3 + 1. Caenoparennho, y = (t5 + 1)2.

Toraa o dopmyne (24.5)
d2y = y// . dtz’

d?y = (30t* + 12t) dt*. )

§25. WCCNEQOBAHNE ®YHKUWIA NPN NOMOLLIN
MPON3BOOHbLIX

25.1. Hexovopsie Teopemnl © pudhepenumpyembix
pyHkymax

Paccmorpum psan Teopem, mmeromux OOJIbIIIOE TEOPETUYECKOE W MPH-
KJIATHOE 3HAYEHUE.

—

Teopema 25.1 (Ponns). Ecnu dyHkuna f(x) HenpepbiBHa Ha OTpeske
[a, b], AnddepeHunpyema Ha unTepsane (a;b) n Ha KOHUAxX OTpe3ka npu-
HUMAET ofmHakosble snadenns f(a) = f(b), To naiigetca xoTa 66l onHa
Touka ¢ € (a;b), B koTopoit nponssoaHan f'(z) obpauaercsa B HyNb, T e.

FHOR

[J Tax xak ¢ysknust f(z) HempepblBHA Ha OTpe3sKe [a;b], TO OHa MOCTH-
raeT HA TOM OTPE3KE CBOErO HAUGONLIIEro ¥ HAMMEHBIIETO 3HaueHn (1o
Teopeme 19.4), coorBercrBento, M v m. Ecu M = m, o pynuxkumsa f(z)
HOCTOSIHHA, Ha [a; b] u, cnemoBarenbHO, ee npowssognan f'(z) = 0 B Jobol
TO4YKe OTpeska [a;b].

Ecmu M # m, 1o dbyHKiMs gocTUraer XoTs 6bl ONHO U3 3naveHutt M
WX M BO eHympennedi Touke ¢ marepsasia (a;b), tax kak f(a) = f(b).

IlycTn, nanpumep, dbyHxnus npuHuMmaeT 3Hadenue M B ToUke r =
=c¢ € (a;b), T e. f(¢) = M. Torga nna Beex ¢ € (a;b) BHMOSHACTCS

COOTHOIIEHHE
fle) 2 f(z). (25.1)
Haiinem mpoussonaywo f'(x) B touke £ = c:

o) = 1im Lt AD @)

Az>0 Ax
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B cuay ycnosus (25.1) sepno mepasenctso f(c + Az) — f{c) € 0. Ecom
Az >0 (1. e. Az — 0 cripaBa OT TOYKH T = C), TO

fle+Dz) = f(c)

<0 wumnosromy f'(c) 0.

Az
Ecmm Az < 0, To
c+ Ar) — flc
[ AN =10 5y, piy 50
Takum o6paszom, f'(c) = 0.
B ciyuae, korma f(c) = m, 10Ka3aTeIbCTBO aHAJIOTHIHOE. |

Tl'eomerpuvecku Teopema Posnst o3nagaet, uro Ha rpaduke GpyHKIHU
y = f(z) naligerca TouKa, B KOTOPOi KacaTeNbHas K TPApUKY Napajliiesib-
ua ocu Oz (cm. puc. 139 u 140). Ha pucynxe 141 takux To4eK nBe.

Teopema 25.2 (Kowm). Ecnu dyHkuuu f(x) v () HenpepbisHbl Ha
otpeske [a;b], anddeperumnpyems Ha nntepsane (a; b), npudem ¢'(x) # 0
ana z € (a;b), To HaligeTcA XoTa Bbl ogHa Touka ¢ € (a;b) Takan, 41O

fO) = J(a) _ f(c)

BbINOJ/IHAETCA PaBEHCTBO (b) (a) = ” (C)

[d Ormerum, 910 p(b) —p(a) # 0, Tak Kax B 1POIUBHOM CAYUAE TIO TEOPEME
Posnna namnack Ge1 TOYKA ¢, Takas, 9T0 ¢'(¢) = 0, 4ero me MoxeT ObITD 11O
YCJIOBHIO TEOPeMbl. PACCMOTPHAM BCIIOMOraTeIbHY 0 (DYHKITHIO

Fe) = 1) - 1(0) - L0 =L o) - (o).

OHa ynoBJETBOPAET BCEM YCJIOBHSAM TEOPeMbI PosijiA: HellpephiBHA HA OT-
peske [a; 8] m guddepenunpyema na uHTepBase (a;b), Tax Kax sBJIAETCA

7 KoncrexT nexim no puiciuer MateMaThke [losidbiii Kype
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suseiinofi kombunanuell dyuxuuit f(z) u ©(z); Ha KOHIAX OTpesKa OHA,
HNPUHIMAET ONUHAKOBHIE 3HadeHnsa F(a) = F(b) =0,
Ha ocrnosannu Tteopemsi Posuia Haiinerca touka z = ¢ € (a;b) takas,

uro F'(c) = 0. Ho F'(z) = f'(z) - M—(%Lp’(x), CIIENIOBATENBHO,

(b)Y —o(
PO = 0 - L= —o.

Orcrona caenyer
Fle) = f(b) = fla f'le) _ f(b) - fla) -

FO = @) sy u _
O —p@? D " G T ) — @

Teopema 25.3 (Jlarpanx). Ecnn dyHkuus f(z) HenpepsisHa Ha oTpeske
la; b), nndpdepenumnpyema Ha vnTepsane (a;b), To HaliaeTcA x0TA bbl OAHA
Touka ¢ € (a;b) Takas, 4TO BBINOAHAETCA PABEHCTBO

fb) = fla) = f'(c)(b - a). (25.2)

(Q Pemenue: Teopemy Jlarpamxa MOXKHO PACCMATPUBATH KAK YACTHbIH
cayqail Teopembr Koum. [efficrBurensho, nonoxus ¢(r) = x, Haxommm

() —pla) =b-a, p'(z) =1, ¢'(c) = L. /
IloncraBsisis 9TH 3HAYEHUA B POPMYJLY (}; Eg% : :; % = 3; ,gg, IoJIy4a-

ew L =T@)  f1(¢) wn £(1) = F(a) = 10~ ). )
Monyuenuyo dopmyay HaswviBawT popmyaott Jazpansca wnim
Fopmyaot 0 KoOHeUHOM NPUPGUEHUY: TPAPaIIeHe TudDepeHIn-
pyemoit dbyukumu Ha orpeske [o;b] papHO IpPUpANIEHKIO APTYMEHTa, YMHO-
JKCHHOMY Ha 3HadeHue npoussonHo#i (yHKUMM B HEKOTOPOW BHyTpeHHEH
TOYKE ITOr0 OTPE3Ka. ‘
Teopema Jlarpamxa wmeer npo-
y y=f(z) cro#t reomerpuyeckuii cMpICa. 3ann-
meM dopmyay (25.2) B Buge

FO-S@ _ s

b—a
e a<c<b. Oraomenne jﬂ)—g:—a@—)

ecTb yryioBol xkoaddunuent cexymeh
AB, a Benwuusa f'(c) — yruosoil Ko~
adpduuumenT xacaTenpHol K KpuBoH B
TOUKE C abcuuccoit £ =c.

Puc. 142
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CJilenoBaTesIbHO, TeOMeTPUYECKuil CMBICIT TeopeMmbl Jlarpanika TaKoB:
Ha, rpacduke dynkunu y = f(z) Haitnerca touka C(c; f(c)) (cm. puc. 142),
B KOTOpOH KacaTesbHasA K rpaduKy QYHKIUM HapaJlieabHa cekymeid AB.

Cnepcreue 25.1. Ecnn npoussogHas dyHKUMM paBHA HYNIO HA HEKOTO-
POM MPOMEXYTKE, TO PYHKLUA NOCTOAHHA Ha 3TOM MPOMEXYTKe.

[d Hycre f'(z) = 0 nna Vz € (a;b). Bosbmem npou3sBoJbHEIE Ty U To W3
(a;b) 1 mycTs @1 < 2. Torna mo teopeme Jlarpamxa Jc € (xq;z») Taxas,
110 f(z2) — f(21) = f'(¢)(z2 = z1). Ho mo ycnosuio f'(z) = 0, cTasno 661Th,
fi(c) = 0, tme ;1 < ¢ < z3. Hoaromy mmeem f(z2) — f(x1) = 0, T e.
f(z2) = f(x1). A Tak Kak r1 ¥ To — NPOU3BOJILHBIE TOYKH U3 MHTEPBAJIA
(a;b), T0 Vr € (a;b) nmeem f(z) = c. |

Cnepcreue 25.2. Ecnv gee pyHKUNM UMEIOT paBHbIe NPOU3BOOHbIE Ha
HEKOTOPOM NPOMEXYTKE, TO OHY OTINYAIOTCA APYr OT APYra Ha NOCTOsAH-
HOe craraemoe.

(A Hycts fi(x) = fo(x) npn = € (a;b). Torna (f1(z) — f2(z)) = fi(z) -
— f3(z) = 0. CnenoBaresbo, coryiacuo cnencruto 25.1, bynknua fi(z) —
— fa(z) ectb mocrosnnas, T. e. fi(z) — fa(x) = C nas Vz € (a;b). ]

IIpumep 25.1. Hoxas3arh, 4TO arcsin £ +arccos = %, roez € [-1;1].

Q Pemenne: Ilycrs f(z) = arcsinz + arccosz. Torma Vr € (—1;1) umeem
fl(z) = = 0. Orciona caenyer, uto f(x) = C, 1. e.

1
= +
V1-22  /1-22

arcsinx + arccos ¢ = C. Tlosoxus x = 0, saxomum 0 + % =C,re.C= 12[

Ioaromy arcsinzx + arccosz = % DTO paBEHCTBO BBIMOJIHSIETCS U IIPU
x = %1 (mposepbTe!). L
AHanormvHO NOKa3BIBAeTCH, YTO arctgx + arcetgx = %

®opmye Jlarpanxa MOKHO TPUAaTh Apyroi Bua. I[lpumenus Teopemy
Jlarpamka K orpesky [z;2 + Az] (Az > 0), 6ymem umets

flz+ Az) — f(x) = f'(c)Az. (25.3)

Kaznoe aucio ¢ € (z;z + Az) moxHO 3ammcars B Bue ¢ = x + Az,

re 0 < 8 < 1 (nelictBurenbio, z < c < z+Ar = 0 < c—12 < Az =

=0< C—A_—f— < 1; mosoxuM % =80 = c¢ =z +60Azx). Popmyna (25.3)

TIPUMET BH/T

flz+ Az) — f(z) = f'(z + 6Az) Az,
rme 0 < 6 < 1.
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Wcnonesya Teopemy Jlarpauxka, MOXHO OIEHWTH TOYHOCTH NpHOIIH-
eHroro paBenctBa Ay = dy. Cmenmaem sro, cunras, 9yto dyHKums f(z)
HMEeT HeNPEePLIBHYIO BTOPYIO nponsBoanyio f"(z):

Ay —dy = (f(z + Az) — f(x)) — f'(x)Az = f'(c)Ax — f'(z)Az =
= (f'(c) — f'(z))Az = f"(c1)(c — z) Az,

rae ¢; € (z;¢) (puc. 143).

Urak, Ay — dy = f"(c1)(c — z)Az. ycrs M = [ maﬁ 1f"(x)]. Tax
o+

kakK [c—z| < Az, a f'(e;) < M, 10 nostyyaem onerky |Ay — dy] M|Az)?.

r ¢  z+Azx

~ "
—

Ax .1'0& .’;L‘ x

k-

Puc. 143 Puc. 144

25.2. Mpasuna Jlonutans

PaccmoTpum criocob packphiTUs HEOIPEIEJICHHOCTEH BUIa 0y %%, KO-

0
TOpI)Iﬁ OCHOBAaH Ha INPpUMEHEHUH NMPOU3BOAHBIX.

Teopema 25.4 (Mpasuno Jlonutansa packpeiTus HeonpepeneHHocTel
suga %) Mycts dynkuun f(z) v @(z) HenpepbisHbl v auddeperum-
pYEMBI B OKPECTHOCTW TOUKM Lo W OOpalaioTcs B Hynb B 3TOR TOuKe:
flzo) = p(xo) = 0. Nycrb ©'(z) # 0 B OKpecTHOCTU TOukM To. Ecnm

i f@) _ o f@

: (x) _ li
CyWwecTByeT npegesn Zlgrgo T(z) l, 70 zi)rrzlo @) A ()

[d Ipumennm k dynkuuam f(z) u ¢(z) reopemy Komm nist orpeska [zo; ],

f(z) = J(zo) _ F(c)

eKalero B OKPeCTHOCTH TOYKH To. Torua = rae ¢
HeTRAIIero B Ok ° oG =~ B
JICKUT MeXAY To ¥ 2 (puc. 144). YumrhiBas, 4to f(zg) = <p(1:0) = 0,
ToJ1y4aemM
f) _ £ 54
plx)  ¢'(c)

Ilpu z — 9, BEJIMYUHA ¢ TaKXe CTPEMUTCS K Tg; IepeiineM B paBeH-
crBe (25.4) x npeneny:

@ £
zll)n;g o(x) - cl—g:lo ©'(¢) )
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(z)

Tax xax w&ﬁxlo o (z) 2 @) = {. Tloaromy wlgrzlo o2) = |

KopoTko nosiy4ennyo (popMyJLy YHTAIOT TAK: IPEIeST OTHOMEHUS IBYX
GECKOHEYHO MAJIbIX PABEH NMPEIesly OTHONICHUS] HX NPOU3BOHBIX, €CAY 10~
crienHui CymeCTBYyeT.

3amenanus: 1. Teopema 25.4 Bepha u B ciyuae, Korna dyaxumn f(x)
u () He onpeneneHsl OpU £ = Zg, HO zlglzlo flz) =0m w]_l_glg p(x) = 0.
Hocrarouno monoxutk f(xg) = lim f(r) =0 n ¢(xe) = lim ¢(r) =0.

T->xo T—>To

2. Teopema 25.4 cipaBeyiMBa u B TOM cJy4dae, Korga £ — oo. Hei-

CTBHTCJILHO, IOJIOXKUB T = %, NOJLY9UM

N (O R [ B V1 0) N (3 e DU )
s=00 p(a) =0 p(L) =0 (p(L)) e (L)(—L) e (a)

3. Ecom mpoussogssie f/(x) u ¢'(z) yIOBJACTBOPAIOT TEM K€ YCJAOBHAM,
uto n byukmuu f(x) 1 p(x), Teopemy 25.4 MOKHO IPAMEHUTD €lIE Pa3:

@) _ o P @)

20 () z—xg 4p’(z) z32g (p”(];)

7 e i
oz —1
IHpumep 25.2. Haiitu ;1_)11’11 ene
z-1_[0]_ . (@1 _ . 1
Q Pemerne: lim -7 = [0} Im ey ~ i1 b ¢
Mpumep 25.3. Hagiru lim L=00862
z—0 2x
(Q Peutenue:
1 — cosbx 0 6sin 62 0 3 6 cos 6z
i —_— == =11 = — =4, .
by [OJ e [OJ 2 AT ?

Teopema, 25.4 naer BO3MOKHOCTh PACKPLIBATH HEONPEIEJECHHOCTh BUAIA

o CdopmynupyeM 6e3 MOKa3aTENLCTBA TEOPEMY O PACKPBLITHH HEoInpene-

6.¢]
JICHHOCTH BUOa —.
o0

197



Teopema 25.5 (Mpasuno Jlonurtana packpsitua HeonpepeneHHOCTed
supa X).
00
Myctb pyHkumn f(z) n () HenpepbisHbl u AuddepeHLnpyeMbl B OKPECT-
HOCTI TOMKM Ty (KpOMe, MOXeT ObiTb, TOMKW Zg), B DTOM OKPECTHOCTW
lm f(z) = lim @(z) = oo, ¢'(x) # 0. Ecan cywectsyeT npegen
T—IXT0

T—>rTo

limﬂx—) To lim M*l L’(_xl

T ga'(x)’ z—To @ :v) z—ro P ( )

Ipumep 25.4. Haiitu hm tgdz

1 tgST’
(Q Permenue:
tg 3z 00 . 3-cos’5r 3 1+ cos 10% 0
1m =|—|=lim ——— = - lim == =
z>% tgoT o0 t—3 cos23r-5 Sxag 1+ cos6x 0
3 .. —10sin10z . sinl0r [0 10cos10z 5
= lim ————— = lim ~l=lim ———— = -,
5252 —6sin6r <=3 sin6z |0 z—% 6cosbx 3
2-# cnocob:
tm 1832 _ [ [a-5=t]_
e>3 tghz o0 t—0
3t
—l'mM——l lim Ctg3t:lim tg ot :3 ®

t=0 tg(3m 4+ 5t)  t—0ctght -0 tgdt 3

PackpbiTue HeonpegeneHHOCTER pasnNYHbIX BUA0B

Tpasuno Jlonutans npumenseTcs i1t paCKpLITUS HeONpeEeleHHO-
§

cTelt BUIa, 0y %, KOTOpBbIE Ha3bIBAIOT ocHOSHbLMu. HeomnpeneseHnocTn

0
suaa 0 - 0o, 00 — 00, 1%, 00®, 0° cBOIATCS K ABYM OCHOBHBIM BHIAM IyTEM
TOXKZECTBEHHBIX NMpeodpasoBaHuil.
1. Ilycts f(x) — 0, p(z) — oo npu  — &o. Torna ouesBnaHEI CIEAYIO-
mye 1IpecbPa30BAHMA:

lim (/(z)¢(x)) = [0-00] = Tim L&) — [g} (nJm im 22 [ED

z—ag e T o0
Hanpuwnmep,
T 2~z 0 -t ¢
o — (2 — —_ . = i = |-l =11 = —.
sy tg (2 mw) =loo 0= iy e M ey
in I



2. Mycrs f(z) = o0, p(x) — oo upu ¢ — xp. Torna MOXKHO MOCTYIUTE
TaK:

lim (f(x) ~ p(x)) = [0 = o0] =

T—zg
1 1
1 EiC

:nm(} - l)znmm;_#:[g].

AT v/ T @
Ha npaxTuke 6biBaeT npoine, Hanpumep,
1im<d1_~ 1 ) :[m_w]:limw: [9] -
r>1\Ilnz x-1 a=silne-(x—-1) 0
:hm—l;%—»:{g] BT S
r—1 ﬂ—;—l—{-ln:z' 0 z-»l;lg-}—]; 2

3. Myers wom f{z) — 1 u p(x) = oo, wm f(z) = oo u p(xr) » 0,
nwm f(x) - 0u p(z) - 0 npu x - xo. s naxoxpeHus npenena Buua

litn f(x)“’(m) yaoBHO CHAYAIA TPOJIOTAPUMDMUPOBATEL BbIPAKCHUAE
L —>xp

A= f(a:)“’(z).
II'pumep 25.5. Haiitu lin})(cos 21’):12_.
r—
Q Pemenne: Unmeem neonpenesiennocts Buna 1°°. JlorapudMupyem Bbipa-

1
xwenne A = {cos2z)=?, nonyunm: In A = 515 In cos 2x. Barem nHaxomuMm mnpe-
JilhE

1 .
im T A fim PC522 [0\ mm(Csin2e)2 ) tg2e
x—0 z—0 I2 550 21_ I o

1
=—2 1.e Inlim A=-2. Orciona lim A=e 2, u 1im(cos2a:)¥7:e_2. @
z—0 z—0 z—0

Pemenve Moxu0 0OpMHUTB KOPOYE, €CJTN BOCIOJIL30BAThCA «[OTOBOM»

dbopmysioit
. (z) _ _ .
chlmzl0 f@)® = = exp (zhr;lo plz)ln f(x))

. fp — Inf?
(MCnoTL30BAHO OCHOBHOE JiorapudMudeckoe ToxaecTso: f¥ = em77),

hm ¢(z)ln f(z)
e-’L‘—}EO

IIpumep 25.6. Haiitu lim (1)te=.
z—0" %

Q Permuenwe:
) 1 tgz 0 . 1 . ln%
(1) = o) = ol et ) = exp(tim 227 =

1 .

z(— sinz\?2

= exp| lim ( IF) :exp(limx( )):e‘”:eo:l, ()
z—0 —n?z z—0 xT
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IIpumep 25.7. Ilycrs

flz) =

e™® " npuz#0,
0 apu z = 0.

Haiitn f'(z). (Honoamurensuo: naiita f((0).)
Q Pemenne: Tlpu z # 0 nmeem
fl@)y=e*". (—=7?) = 2 g3,

IIpu z = 0 no onpeneneHNIO TPOU3BOIHOMN:

JO+N-F0) . ex
e .

= lim

1 — 1
f (0) ,\13}) A—=0

Henaem zameny y = 712— H NIPUMEHAEM TpaBusio Jlonurass

e . 1

lim = lim Y= =1L =

A0 A y—oo ey y—00 2\/12/' ceY

Taxum 0b6pazoM,
2273 mpuaz #£0,
fl(z) =
0 npu z = 0.
AHAJIOPMYHO MOXCHO TIOKa3aTh, uto (™ (0) = 0. | ]

25.3. Bospacrtanue n ybbiBaHue cdhyHkuynii

OnsuM 13 OpuioKeHn#t MPousBonHON ABAAETCS ¢e NPUMEHEHHE K UC-
cienoBanuio pyBKIuit U nocrpoennio rpaduka GpyHKIANU.

YcranoBUM HEOOXOMUMBbIE ¥ JOCTATOYHBIE YCJI0BHUS BO3PACTAHNS U YObI-
Banus (DYHKIMU.

Teopema 25.6 (Heobxopumbie ycnoems). Ecnn anddepenuupyemas
Ha uHTepsane (a;b) ¢pyHkuun f(z) sospactaer (ybuisaer), To f'(z) > 0
(f'(x) < 0) ana ¥z € (a;b).

[ Iycrs dyskuus f(x) Bospacraer Ha unreppase (a;b). Bosbmem npous-

BOJIbHBIE TOYKY £ ¥ T + Az Ha wHTepsasie (a;b) u paccMOTPUM OTHOMIE-
Ay _ flz+As) - f(z)

e Ar Az

Ar >0, o+ Az >z flz +Azx) > f(z);ecam Az <0, oz + Az < x

u f(z + Az) < f(z). B oboux ciyyasx %‘% = f(m+AA:12 — (=) > 0, Tax

. Oyukuma f(x) BospacTaeT, NOSTOMY €CJIH
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KaK YHCIJINTEIIb ¥ 3HAMEHaTE b Jpobu uMeIoT onuHakosbe 3uaku. Ilo yco-

BHIO TeopeMbl GYHKIMA f(x) NUMeeT NMPOU3BOSHYIO B TOYKE & U SBJIACTCHA
HpeneioM PacCcMaTpUBaeMoro orHomenus. CrienoBaTesbHO,

. flz+Az) - f(z

) = i @ 02) = (@)

Ax—0 Az

= 0. ]

AHanoruyHO paccMarTpHBaercA CIy-
qait, korpa dyskuus f(z) yosiBaer Ha un-
tepBaJie (a;b).

TI'eomerpuyecku Teopema 25.6 o3nava-
€T, YTO KacareJibHbie K rpadQuky Bospacia-
omell muddpepenuppyemoii pyskuun 06-
Pa3yioT OCTPLIE YIVIBI C OJIOKHTETHHBIM
HampasseareM ocu O Wiu B HEKOTOPbIX
Toukax (Ha pucyuke 145 B Totke ¢ aberyic-
coit xg) napannesnsust ocu O.

Puc 145

Teopema 25.7 (pocrarounnie ycnosus). Ecnu dynkuus f(r) andde-
peHumpyema na wdtepsane (a;b) n f'(z) > 0 (f'(z) < 0) ana Vz € (a;d),
TO 3Ta dyHKUma BoapacTaeT (ybbisaer) Ha unTepBane (a;b)

[ HOycrs f'(z) > 0. BosbMmem Touky 21 4 o u3 uHTEpBAA (a;b), IpUYeM
z1 < zo. [Ipumennm k oTpesKy [z1; z2] Teopemy Jlarpamxka: f(zs)— f(z1) =
= f{c)(zs — x,), THE ¢ € (x1;72). Ilo yenosuwo f'(c) > 0, z2 — 1 > 0.
Cnenosatensno, f(z2) — f(z1) > 0w f(x3) > f(z1), 1. e. pynxuns f(z)
Ha uaTepBase (a;b) Bospacraer. |

Paccmorpentbie Teopembl 25.6 1 25.7 n03BOJIAIOT AOBOIHHO NPOCTO MC-
cJIenoBaTh pyHKIMIO HA MOHOTOHHOCTH. Hanomuum, 910 QyHKUIUA BO3pa-
CTaIOmas WK yOLBAKMAA HA3BIBAETCA Monomonnol (cMm. c. 122).

IIpumep 25.8. Uccnenopars bynkuuio f(r) = 23 — 3z — 4 na Bo3-
pacranue n yoniBanue.

(Q Pemenne: @yuxkiua onpenenena Ha R=(—o00;00). Ee npomssognas
paBHa:
f'(@)=32">-3=3(z—1)(z+1);
fl(x)>0 mpm z€(—o00;—1)U(1;00);
F(x)<0 upu ze(-1;1).

Otser: nmannast (YHKIMS BO3DACTaeT Ha uUHTEpBastax (—oo;—1)
u (1; 00); yoniBaeT Ha unTepsage (—1;1). ®
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25.4. Makcumym v mudumym pyHkuymii

Touka z¢ HaspiBaercs mowkod maxcumyma bysxunu y = f(z),
€CJIV CYNIECTBYET TaKasA §-OKPECTHOCTE TOYKH Ty, 9TO IJ1A BCEX T # Tg

13 9TOi OKPECTHOCTH BHINOJHAETCA HepaBercTBo f(z) < f{zo).
AHaJIOrUYHO Onpeensierca To4-
y Ka MUHEMYMa (QYHKIHHA: To — 1MOY-
Ko Murnumymae byukimu, ecan 36 > 0
Ve:0< |z -z <d = f(z) >
> f(xo). Ha pucynke 146 x; — T09-

K& MHHAMYMa, & 109Ka X3 — TOUKA
min' o MakcuMyMa dbyakumn y = f(x).
Olz1-8 T1 21+6 ;-0 T2 z2+0 & 3navenne GhyHKUNN B TOUKE MaK-

cuMyma (MHHEMYMa) Ha3BIBAETCA
Marcumymom ( murnumymon) QyHK-
umn. Makcumym (MuHUMYM) DYyHKIHE HA3BIBAETCA SKCMPEMYMOM (PYHK-
UK.

Iousitme sKCTPEeMyMa BCErna CBA3AHO C ONPENETICHHON OKPECTHOCTLI)
TOYKH u3 obsactu onpenesienns ¢yHkumn. Ilosromy bdbyHKIES MoXKeT
WMeTh 3KCTPEMYM JIAIIb 60 6HYMPEHHUL MOWKGL OOJACTH ONpEne/ICHNS.
PaccMoTpuM yCioBusA CymeCcTBOBAHMA SKCTpeMyMa (pyHKIIAH.

Puc 146

Teopema 25.8 (neobxopumoe ycnosue akcrpemyma). Ecan gudbdpe-
peHumpyeman dyHkuns y = f(xr) nMeeT IKCTPEMYM B TOUYKE Ty, TO ee
NponsBoOfHas B 3Toi ToYke paeHa Hymto: f'{xg) =0

(J Iycrh, oas onpeneseHHocTH, Ty — TOYKA MAKCHMYMa. JHAYHUT, B
OKPECTHOCTH TOYKM Lo BBIIOJHAETCA HepaBeHCTBO f(xo) > f(zo + Ax).

Ho rorna %‘z — [+ AAQU:Z = f(=o)

<0, eciiu Az >0, u %% > 0, ecom

Az < 0. Ilo ycoioBUIO TeOpeMbI TPOU3BOOHASL [
: +Az) — f(=o)
1 = 1 f(-TO
F'(@o) AsSo Az

cymecrByer. Ilepexons k npeunesty, npu Az — 0, noayunm f'{z¢) > 0, ecom
Axr <0, u fl(zg) €0, ecomt Az > 0. Ilostomy f'(zo) = 0. Amanormano
[OKA3bIBAETCS YTBEPIKICHNE TeopeMbl 25.8, ecyin Zg — TOIKA MHUHEMYyMa
byukuun f(z). |

Teomerpuueckn pasenctso f'{zg) = 0 o3nauaer, YTO B TOYKE 3KCTPE-
myMma quddepennupyemoit bynkiun y = f(x) kacarensras K ee rpaduxy
napasiesibaa ocu Oz (cMm. puc. 147).

OrmeTum, 4ro oOpatHas Teopema HeBepHa, T. €. ecim f'(zg) = 0, To
9TO HE 3HAYUT, YTO Lo — TOYKA IKCTpeMyma. Hanpumep, ansa byHKIM
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y = 3 ee mpomssogHan y' = 322 pasHa Hymo npa r = 0, HO ¢ = 0 He
TOYKaA 9KCTpeMyMa (cM. puc. 148).

y
y=1°
y ’ O T
P\y=f@)
o
Ol o T Ol T
Puc. 147 Puc 148 Puc. 149

CyumecTBy10T GpyHKUUN, KOTOPBIE B TOYKAX 3KCTPEMYMa HE UMEIOT ITPO-
nzBonHoit. Hanpumep, nenpepsisras ¢dbyukuus y = |z| B Touke z = 0 npo-
U3BOAHOM He mMeer, HO ToUKa & = () — TOYKa MUHUMYMA (cM. puc. 149).

Takum obpasom, HelpepbiBHAsT (DYHKIMSA MOXKET MMETh IKCTPEMYM
JIMINb B TOYKAX, TJe MPon3BoAHad (bYHKIUM PABHA HYJIIO WX HE Cylme-
crByer. Takme TOYKYN HA3LIBAIOTCH KPUMULECKUMU.

Teopema 25.9 (gocratouyHoe ycnosue akcrpemyma). Ecnu venpepbis-
Has dyHruusa y = f(z) auddepeHunpyema B HeKOTOPOIi J-OKPECTHOCTH
KPNTNYECKON TOYUKU Lo U NPU NEPexofe 4Yepes Hee (CneBa Hanpaso) Npo-
u3eodnas f'(x) mensiem 3max C NNKOCa HA MUHYC, TO Zo €CTb TOUKA MakK-
CUMYMA; C MVHYCA Ha MAKOC, TO Tg — TOYKA MUHUMYMA.

[J PaccmorpuM 6-OKpeCTHOCTH TOYKH Tg. 1IyCTh BEIIOJHANTCA YCJIOBUA:
f'(z) > 0Vz € (2o — &;2z0) m f(z) < OVz € (29;x0 + 4). Torna dpyukumsa
f(x) Bospacraer na unrepBasie (xg — J;Zo), & Ha unrepsane (ro;To + J)
ona y6pBaer. Orcona cienyer, 94ro 3Haderue f(x) B TOYKE Ty ABJACTCA
HaubosbimM Ha uHTEpBaje (X9 — 0;x9 + 0), T.e. f(x) < f(zo) nns Beex
x € (g —§;20) U(xo; o +0). DTO 1 03HAYAET, 9TO Lo — TOYKA MAKCUMYMA,
dyHKIMH.

I'padbuyeckas nHTEpIpeTanns JOKA3ATEILCTBA TeopeMbl 25.9 npeacra-
BJIeHa Ha pucyHke 150.

AnajtorrdaHo Teopema 25.9 nokasbIBaeTCsa i ciydas, koraa f'(z) < 0
Vz € (zg — d;z0) u f'(z) > 0 Vz € (zo;20 + 9). |
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f>0 ' <0 ff<o >0

t
1
1
¥

Ol z0=6 zo zo+d © G| zo—8 o To+d T
Puc. 150

HcenenoBars dyHkumio Ha sxCcTpeMyM 03HaYaET HAHTH BCE €€ SKCTpe-
mymbl. V3 reopem 25.8 u 25.9 BriTekaeT caeaynuee NpaBuio UCCIIeI0BaAHUS
GYHKUME HA SKCTPEMYM:

1) nalita kpuruveckue Toukm byHkmnm y = f(x);

2) BbIGpaTh M3 HUX JIAIIL TE€, KOTOPbIE ABJIAIOTCA BHYTPEHHUMH TOY-
KaMi obsiacTu onpenesenus QyHKIAR;

3) nccsnienoBars 3Hax npoussonuoil f'(x) csreBa B cnpaBa OT KazKnoh
73 BHIOPAHHBIX KPUTUYECKUX TOUEK;

4) B coorBercTBHE ¢ TeopeMoit 25.9 (IOCTATOYHOE YCJIOBAE IKCTPEMY-
Ma) BBIIKCATH TOYKH DKCTPEMYMa (€CJIM OHM €CTh) M BBIYACIINTL 3HAYCHHUS
dYyHKUYY B HHUX.

ITpumep 25.9. Hatitu sxkcrpemym yHKIUM y = % - V2.

Q Pemenne: Quesupno, D(y) = R Haxomum y' = 1 ﬁ;, Te y =

3
_ 1 -2
=3 7
IIpoussogHas #e cyumecTsyer npu z; = 0 ¥ paBHa HYJIO TIpA To — 8.
91U TOYKYU PasBUBAIOT BCIO 061aCTh ONPENeSIeHNsA JaHHol GyHKINA Ha TPH
unrepsaia (—oo; 0), (0;8), (8; 00). Ormerum Ha pucynke 151 3HaxHU Mpous-
BOIHOIi CJ1eBa U COIPaBa OT KX I0M U3 KPUTHIYECKAX TOYUEK.

+ - +
/0\8/1}

Puc. 151

Cienosarenbno, 1 = 0 — TOYKA MAKCHMYMA, Ymax = Y(0) = 0, u

2 = 8 — TOUKa MHHEMYMA, Ymin = y{8) = -3 ®

Nrorna 6piBaeT y106HBIM HCHOJIB30BATE APYTOH MOCTATOYHBIN NIpH3HAK
CYIIECTBOBAHUA SKCTPEMYMa, OCHOBAHHBIH Ha OIpenesIeHNH 3HAKa BTOPOH
OpON3BOIHOHN.
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Teopema 25.10. Ecnu B Touke zo nepsas npoussopHas dyHkuumn f(x)
paeHa Hymo (f'(zg) = 0), a BTOpas Npon3BOfHasA B TOUKE T CYLIECTBYeT
n otaundHa ot Hyna (' (xo) # 0), To npu f"(z¢) < 0 B TOUKe Zo hyHKUMA
“MeeT Makcumym U MuHamym — npu f'(zg) > 0

(d Ilycts naa onpenenennoctu f'(xg) > 0. Tak kak

1 ! 1
. + Az) — f'(x0) . f'(xo + Ax)
" -] f (-'L'O — 1
f(@wo) = Jim Ax Am o0
!
TO f_(flfof‘;_éi) > 0 B IOCTATOYHO MaJiofi OKPECTHOCTH TOYKH Zg. Ecum

Az <0, 10 f'(x0 + Az) < 0; eciu Az > 0, 10 f'(x0 + Ax) > 0.

Takum o6pas3oM, npu Mepexone HYepes TOUYKY Ty NepBast MIPOU3BOIHAL
MeHseT 3HaK ¢ MUHyca Ha moc. CrienoBaresibHo, 1o Teopeme 25.9; xo ecTh
TOYKA MUHUMYMA.

Awnasornyno nokasbiBaercs, uro ecam f'(zy) < 0, To B TOUKe £y DYHK-
LHsT UMEET MAKCUMYM. [}

25.5. Haubonslee n HaumeHbliee 3Ha4eHusn hyHKUUM
Ha oTpeske

[lycts byuxmma y = f(x) HenpepuiBHA HA OTpe3ke [a; b]. Kax ussect-
HO, TaKas MyHKIUA TOCTUTACT CBOMX HANOOJIBINETO M HAMMEHBIIETO 3HAYE-
null. OtH 3Havenns GYHKUMA MOXKET NPHHATH Jub0o BO BIyTPEHHEH TOukKe
xo orpeska [a;b], 160 Ha rpaHUUE OTPE3Ka, T. €. IIPH To = @ WK Loy = b.
Ecom z¢ € (a;b), TO TOUKY To CIENYET UCKATH CPEIM KPUTHYECKHAX TOYEK
nanHo# dynkumu (cM. puc. 152).

IMonyvaeM cieayiomee MNPABUJIO HAXOXKIEHUsI HaubOJbLIErO M HAu-
MeHbIIEro 3navenull byHKnun Ha [a; b):

1) naittu kpuTnaeckue Toukn pyHxumEu Ha uHTEpBasie (a;b);

2) BLIMUCJIMTD 3HAYEHUA (PYHKIMN B HARIEHHBIX KPUTHYECKUX TOYKAX;

3) BbluMCAUTD 3HAUEHUA DYHKIMA HA KOHIAX OTPE3KA, T. €. B TOYKAX
z=auzx=0"b

4) cpenu Bcex BbIYUCIICHHBIX 3HaYeHnd QyHKUHY BbIOpATh HAUbOJIbIIEE
U HaHMEHbIIEe.

3amenanus: 1. Ecom byuxums y = f(z) "a orpeske [a;b] umeer auwid
00HY KPUMUMECKY0 TOYKY W OHA ABJIACTCA TOYKOH MAKCUMyMa (MUHH-
MyMa), TO B 9TOH TOUKe (pyHKUMA NpuHEMaeT HanGomnpmee (HauMeHbIIee)
saaqenne. Ha pucyrke 152 f(xg) = fus = fmax (H6 — Haubonvinee, max —
MaKCHMAJILHOE).

2. Eciin dbyuxums y = f(z) Ha orpeske [a;b] HE UMeET KPUTHIECKHX
TOYEK, TO HTO 03a4YaeT, YTO Ha HeM (PYHKIUST MOHOTOHHO BO3DACTAET UJIIH
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y6uBaer. CrnenoBaresnbho, cBoe Hanbonbmee sHavenune (M) dynkuma npu-
HEMaeT Ha ONHOM KOHIUE OTPe3Ka, a HauMmeHolee (1m) — Ha APYLOM.

y

2R

Puc 152 Puc 153

IIpumep 25.10. Hality naubosibiiee u HaVMeHbIIEe 3HAYCHM PYHK-
unn f(z) = 3z* + 42° + 1 na orpeske [—2, 1].

Q Pemenne: Haxoaum KpUTHYIeCKHe TOYKH IAHHOMH GyuKImm:
fl(z) = 122° + 122 = 1222 (z + 1);

fi(z) =0mpuz; =0 € [-2;1] mupm z2 = —1 € [-2;1]. Haxomum f(0) = 1,
F(-1)=3-4+1=0, f(~2) = 48— 32+ 1 =17, f(1) = 8. Urax, fus = 17
B TOuke z = —2, fiy = 0 B Touke z = —1. L

Haxoxnenue 5auboIbmero 1 HAUMEHBINErO 3HaYeHIH (PYHKUAN MUpO-
KO NPUMEHSAETCS MMPU PElieHUM MHOTHX IIPAKTUYIECKUX 33044 MaTEMATUKH,
br3UKY, XUMUAY, SKOHOMUKY M JIPYIUX JUCUUILIAH.

[TpakTuueckne 3ana4u: TPAHCIOPTHAS 3312494 O NEPEBO3KEe Ipysa ¢
MHUHAMAJIBHBIMHE 3aTPaTaMy, 3a1a4a 00 OpraHm3alMy IPOH3BOIACTBEHHOTO
[IPOLIECCa € IEJIbI0 MOJIyYeHHA MaKCHMaJIbHOU NpubbLIM U Apyrue 3ana-
YH, CBA3AHHDIE C HOUCKOM ONTUMAJIHLHOIO PEIeHusl, TPUBOAAT K PA3BUTHUIO
U yCOBEPIIEHCTBOBAHMIO METOIOB OTBICKAHUA HAUDOBININX U HAMMEHBIINX
3nauenuil. PemenveM takux 3amay 3anuMaercsa ocobast BETBh MATEMATH-
KM — JIMHEIHOEe IpOorpaMMUpOBaHuUe.

PaccMmorpum 6osiee ipoctyio 3adavy

II'pumep 25.11. U3 mwapa pamuyca R BRITOYATH TUAWHAD HAROOIL-
utero obbema. KaxoBbl ero pasmepni?

(Q Pemenue: OGosnaauM gepes T U y BHICOTY U guaMerp oummugpa. Torma,
KaK BUIHO U3 pucyHka 153, y = v4R? — 22, a moToMy 06beM DUITUHIPA,

2 .2
V:V(x):ﬁc_li_i

4
rae x € [0;2R).

rxd

= 7Ry —
)xﬂx4,
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Haxonum mambosibmiee 3Hadenne ¢yukmuu V = V(z) Ha npoMexyTKe
[0;2R). Tax xak V'(z) = 7R? — %77.1:2, to V'(z) =0 npu z = 2R3\/§, KpoMme
Toro, V" (z) = —%m: < 0. [osTomy = = %@ — TodYra MakcmMyma. Tak

Kak YHKIUS UMEET OIHY KPUTUYECKYIO0 TOUKY, TO IHJIMHIAD OyJeT UMeTh

nanbonpimit 06beM (paBubiii Vi) Opu © = 2R3‘/§; OUaMeTrp OCHOBAHUA

\/4R2 — (2RV3/3)2 = 2—33)@.

TUJIMHAPpa paBen

Taxum 06pa3om, UCKOMBIH THJAWHIP UMEET BBICOTY, PABHYIO 3 W

OAMaMeTpP, PABHBIN % . e

25.6. Boinyknocts rpachuka dyHkumn. Toukuv nepernba

@ I'padux muddepenuppyemoit pyukuum y = f(x) nasbiBaeica enny-
KABLM 6HU3 HA HHTEepBaJe (a;b), eCJIM OH PACIIOJIOKEH BbIILe JHOO0H
ee KacareJibHOU Ha 3TOM mHTEpBaJe. ['pa-
dbux dyuknmm y = f(z) HasbIBaETCA 8bL- Y
nyxasM 6eepr Ha vHTepsase (a;b), ecou
OH PAaCIIOJIOKEH HIKe JTIo00H ee KacaTesb-
HOIl Ha BTOM MHTEpBAJIE.
Touka rpadguka HenpepbiBHOR dYHK-
uun y = f(x), OTHESSIOmAs €r0 YacTh pas- l
HOIt BBIIIYKJIOCTH, HA3BIBACTCA Moukold ne- ol p
pezuba.
Ha pucynke 154 xpusas y = f(z) BbI- Puc 154
NyKJIa BBEPX B UHTEepBaje (a;¢), BHIIYKIIA
BHHU3 B uHTepBaJie (c;b), Touka M(c; f(c)) — Touka neperuba.
WuTepBasibl BHIDYKJIOCTH BHI3 M BBEPX HAXOMLST C MOMOILUBIO CJIELYIO-
et TeopeMbl.

[ 3 SRR B

Teopema 25.11. Ecnu dyHkuma y = f(x) BO BCEX TOYKax mHTepBana
(a;b) nmeer oTpuuaTensHylo BTOpYK npoussogHyto, T e f“(z) < 0, To
rpaduk pyHKUMN B 3TOM uHTEpBane Bbinyknbii seepx Ecnu xe f"(z) > 0
YV € (a;b) — rpachuk BbINYKNbIA BHNS

[J Oycts f’(z) < 0 Vz € (a;b). Bosbmem na rpacdvke dbyskiun npous-
BOJIBHYI0 TOUKY M ¢ abcruccolt 2o € (a;b) u nposenem uepes M kacaresb-
Hyo (cMm. puc. 155). ITokaxem, uro rpadux GyHKHUE PACIOIOKEH HUXKE
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aToli KacaresbHo. st 9Toro cpasauM B T0uke x € (a;b) opouHaTy y Kpu-
BOH y = f(&) ¢ OpPIMHATOH Yyae €€ KACATENILHOM. Y paBHEHNE KACATEILHOM,
KaK W3BECTHO, €CTh

Yxac — f(:UO) = f,($0)(w - -'EO), T.€. Yxac = f(xo) + fl(:l"ﬂ)(z - .'L'o).
Torna ¥y — yxac = f(&) — f(zo) — f'(z0)(x — o). Ilo Teopeme Jlarpamxa,
Fl@) — flzo) = f'(c){z — zp), re ¢ nexut Mexay x¢ u z. [losTomy

Y — Yuac = f'(c)(x = z0) = f(x0)(z — w0),
T. €.

Y ~ Yxac = (f'(¢) = f'(z0))(z — 20).
Pasnocts f'(c) — f'(zo) cHoBa npeoGpasyem
o ¢gopmyste Jlarpanxa:

f'(e) = f'(wo) = f"(er)(e ~ o),
THE ¢ JIKUT MEKIY To 1 ¢. Takum obpasom,
noJryyaeM
Y — Yxae = f"(c1)(c — zo)(x — 20).

Wccenenyem 310 paBencTso:

Decmwmaz >z, T0x—120 >0, c—x0 > 01 f'(c1) < 0. CrenoBarennuo,

Y — Yxac < 0, T.e.y<y,(ac:—“°;0 o ¢ = =
2) ecm ¢ < x5, T0 x—2o <0, c—x9 < 01 f’(c1) < 0. CresioBaresnbuo,

Y — Yrac < 0, T. €.y < Yyac: Tz ¢ ¢ ZTo

Hrax, mnoxasaHo, YTO BO BCeX TOYKax mHTEpBana (a;b) opaunara Ka-
catesbnoit 6osbuie opruHaTH rpaduka, 1. e. rpaduk GYHKIUY BHINYKJIbIH
BBepX. AHATOrMYHO JokassiBaercs, 910 upu f'(z) > 0 rpadnk BumyKJibiH
BHH3. ||

s HaxoxkpgeHusi Touek liepernba rpaduka QYHKIUE UCIOJIb3yeTC s
CITenyIOWAsa TEOPEeMa.

Teopema 25.12 (foctarouroe ycriosne CyLeCTBOBAHUS TOYEK nepe-
ruba). Ecnwn sTopas npowssogHan f"(z) npn nepexope 4epes TouKy o,
B KOTOPO#A OHA PaBHA HYJ/IIO WJN HE CYLIECTBYET, MEHAET 3HaK, TO TOYKa
rpachmka ¢ abcunccon zy ectb Toyka nepernba.

[ ycrs f'(z) <O0npuz < xon f'(z) > 0 upu = > xo. ITO 3HAYAT, 9TO
CleBa 0T & = g rpadUK BLIIIyKJbl BBEPX, & CIPaBa — BBILYKJIbIA BHU3.
CuienoBaresbho, Touka (Zo; f{xp)) rpaduka dbyHKUmE SABJIAETCA TOYKOH
nepernda.

Ananoruano nokaseaeTcs, uro ecnu f(z) > 0npuz < zo u f'(z) <
< Ompu z > g, T0 T04ka (To; f(2¢)) — TOUKA nepernba rpaduka pyHKIMI

y = f(z). |
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ITIpumep 25.12. UccnenoBarh HA BBIMYKJOCTh ¥ TOYKM Heperuba
rpacduk byHEKIME § = T° — T + 5.

Q Pemenne: Haxomuwm, uro y' = 52* — 1, y” = 20z%. Bropas nmpoussonnas
CyIIecTByeT Ha Beel uucsioodt ocu; ¢y = 0 npu = = 0.
Ormeuaem, uto y'' > 0 mpu z > 0; ¢y < 0 ipu x < 0.

CrenosarennHo, rpaduk GbyHKuun y = z° — z + 5 B uHTEpBaJe
(—00;0) -~— BBIIYKJIBI BBEpX, B HuETepBaJie (0; 00) — Buinykibii Bams. Tou-
ka (0;5) ects Touka neperuda. o

25.7. AcumnToTbl rpacmka cyHkumn

Tlocrpoenne rpacgpuka GyHKIMKM 3HAYATESIHHO 00JI€r4aeTCsl, €CJIN 3HATH
ero acumnTorbl. IToHATHE ACHMMITOTHI PACCMATPUBAJIOCH TIPU M3Yy4YEHHH
dopmbl ramepbostet (cM. c. 81).

Hanmomuum, 9to acumnmomoti xpuso#t Ha-
3BIBAETCA MPAMasA, PACCTOIHME IO KOTOPOH OT y=f(z)
TOYKHM, JIeXKalel HA KPUBOH, CTPEMHUTCA K HY-
JIFO TIPM HEOTPAHMYEHHOM yIAJIEHUM OT HAYAJIa
KOODIUHAT 3TOH TOYKK 1o KpuBoit (puc. 156).

AcuMnTOTEI MOTYT GBITH BEPTHUKAJIBHBIMH,

M
HAKJIOHHBIMH ¥ FOPU30HTAJILHBIMH, p
ToBoOpAT, 94TO NpAMas £ = Q ABJAETCA 8ep-
o e a T
muxaavhott acumnmomodii rpadbuka dyHKIMA o
= f(x), ecoiz lim f(x) = 0o, mymt  lim T) =
y f( )’ $_)af( ) 3 w—-)a—Of( ) PI/IC. 156

00, HJIH z—iraliof(x) 00

HeficTBUTEILHO, B 3TOM CJ1yYae HEITOCPEICTBEHHO U3 pUCYHKa 156 Bua-
HO, 4TO paccrognue Touku M (z;y) xpuBolt or npsimoil £ = a paBHO d =
= |z — a|. Ecu £ — a, 10 d = 0. ComiacHo onpenesieHnI0 aCUMITOTBI,
npsAMad T = a ABJAETCHA acuMITOTOU Kpusol y = f(z). Hdust orpickanus
BEPTUKAJIbHBIX ACHMITOT HYXKHO HalfiTh Te 3Ha4eHusl z, BOJIM3M KOTOPBIX
dbyHKUMA f(2) HEOrPAHMYIEHHO BO3PACTAET 1O MOLY. 110, OBBIYHO 9TO TOYKH
pa3pbIBa, BTOPOTO POJA.

Hanpumep, KpuBas Yy = 2 i HMECT BEPTUKAJIBHYIO ACUMIITOTY (CM.
3 2 3 2
.1 = + 1 = —o0.
pnc 57) xT 1, TaK KakK - llnll 0 1 o, - 1I111 o 1 o

Ypasuenve naxaornol acumnmome: 6yneM UCKATh B BUIE
y=kx+b (25.5)

Hatinem k u b.
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Puc. 157 Puc 158

ITycte M (x;y) — npoussosbhas To4uKa Kpusol y = f(z) (cm. puc. 158).

Mo dbopmyste paccTosgams OT TOYKM 10 MIPSAMOI ( 4‘T0 + By + C )
VA2 + B2
HAXOOUM paccrosiHue oT To4uku M mo upamoit (25.5): \k_z%‘
+

Venosue d — 0 6ymeT BHINOMHATHCA JIMINL TONAA, KOLIA YUCIUTESIb
Opobu CTPEMUTCH K HYJIIO, T. €,

lim (kz -y +b) = 0. (25.6)

Orciona cnenyer, uto kx —y + b = «, roe a = a(z) GeCKOHEYHO MaJas:
a — 0 mpu 2 — oo. Pasnenns obe yactu paBenctBay = b+ kr —a Ha z 1
nepeliia K npenesty npu £ — 00, TNOJIYYaeM:
) b a
lim ¥ = lim (—+k:——).

T—=00 T z—=o0o\ T x

Taxk kak —b-—)OI/IQ-—)(),TO
z x
k= lim 2. (25.7)
=00 I
U3 ycosua (25.6) maxonum b
b= lim (y — kz). (25.8)
T—>00

Hmax, ecu cyurlecTByeT HakKJIOHHAs acumMnTora y = kx + b, to k u b
HaxozsTcs 1o dopmystam (25.7) u (25.8).

BepHo u o6parHOe yTBEPKIEHWE: €C/IU CYIIECTBYIOT KOHEUHBIE IpeIe-
abt (25.7) 1 (25.8), 10 npamas (25.5) ABNAETCA HAKJIOHHON ACUMITOTOH.

Ecsin xorss 6u1 ogmH n3 mpenenos (25.7) wim (25.8) He cymecTtsyer
HJIH paBed 6eCKOHEYHOCTH, T0O KpuBad ¥y = f (&) HAKIIOHHON ACHMITTOTHI HE
HIMEET.
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B wactroctn, ect k = 0, ro b = lim f(z). [lostomy y = b — ypas-
HEHMe 20pu3onmanbhnoti acumnmomo,. =

Samenarue: Acumnrorel rpaduka Gysxmuu y = f(z) opu ¢ - +0o0
U T — —00 MOTYT ObITh pa3HbiMu. [[09TOMy NP HAXOKIEHHU IIPENEJIOB
(25.7) n (25.8) caenyer OTAENBHO PACCMATPUBATD CJIy4ail, Koraa £ — +00
" Korma £ — —00.

ITpumep 25.13. Haiitu acumurorsi rpaduka GyHKIK y = re”.

T
Q Pewenne: Tak kak lim £& = lim e® = +oo, To rpadux bynkuUM
z—+oo X r— 400

npy £ — 400 HAKJIOHHON aCHMIITOTHI He UMeeT.
Ilpm x - —00 cipaBenJIMBLI COOTHOIIEHHUS

£

. re .
k= lim — = lim e’ =0,
T—>—00 I T—r—00
. . . z 00 . 1
b= lim (ze® —0z) = lim ze® = lim =|=—=| = lim =0.
T——00 T——00 z——00 €% o0 z——0o0 —e T

CrlenoBare/ibHO, IpU £ — —00 FpadpuK MMEeT M'OPH3OHTAJBHYO ACUMIITOTY

25.8. Obwan cxema uccneposavuna PyHKUUM N NOCTPOEHNA
rpachuka

Uccaenosanue byukuun y = f(x) ueaecoobpa3Ho BECTH B ONpeIesIeH-
HOI HI0C/I€M0BATETLHOCTH.

1. Haittu obsracth onpenesienna (pyHKINH.

2. Hafitn (ecsm 9TO MOXKHO) TOYKM nepecedenus rpaduka ¢ 0CAMU
KOODIHHAT.

3. HaitTu nuTepBaJibl 3HAKONOCTOAHCTBA, QyHKIUA (IPOMEKYTKY, HA
koropeix f(z) > 0 mm f(z) < 0).

4. BoiscHuTb, sBaserca au GbyHKIAA 9eTHOH, HedeTHOH Miu obiero
BUOA.

5. Hatttu acumnrorsl rpaduka byHKIUN.

6. Haiitn nHTEpBaJIBI MOHOTOHHOCTH (YHKIUH.

7. Hatitu sxcTpemymbl byHKIMN.

8. HaiiTu uHTEepBabl BLITYKJIOCTH U TOYKH eperuba rpaduka dyHK-
oun.

Ha ocnoBanuu mpoBedeHHOr0 UCCIIEN0BAHUA IOCTPOUTh rpaduk GbyHK-
UK. 3aMETHM, 4TO IPUBEICHHAS CXEMa MCCJICHOBAHUA HE siBJiAeTcs 00:-
sarespHOW. B 6oJtee mpoCThIX CIIy4asx JOCTATOYHO BBINOJHUTH JIMOIb He-
CKOJILKO onepanuit, Hanpumep 1, 2, 7. Ecim xe rpaduk GbyHKINE He cCOBCeM
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MOHSITEH M I0CJI€ BHIIOJHEHNA BCEX BOCBMH OHepamnuil, T0 MOXHO IOMOJI-
HUTEJILHO MCCRENOBATH GYHKHUIO HA TEPUOOUIHOCTD, IOCTPOUTD JIOIOJIHH-
TesIbHO HECKOJIBKO TOYeK I'padMka, BBIABUTH IPyrue 0CO0eHHOCTH (PYHK-
nuu. WHorna nesiecoobpa3Ho BhINOJIHEHUE onepatuii nCCIegoBanus CoOnpo-
BOXK/1aTh IOCTEIIEHHBIM MOCTpoeHneM rpacduka byskumm.

_;L'_? H [MOCTPOUTEL €€
-

ITpumep 25.14. UccnenoBarsh GyHKIHO ¥ = 1

rpaduk.

Q Pemenne: BoimonnuM Bce BoceMb olepamuil mMpeajiokenHolt Bhime Cxe-
MBI UCCJIENOBAHMS.

1. ®ynxums ve onpenesena npu £ = 1 u £ = —1. O6nacts ee onpene-
JIEHHMS COCTOMT W3 Tpex mHTepBajos (—oo; —1), (=1;1), (1; +00), a rpadux
U3 Tpex BerBeil.

2. Bem x = 0, to y = 0. Tpaduk nepecexaer ocs Oy B Touke O(0;0);
ecom y =0, To £ = 0. T'padux nepecexaer ocy Oz B Touke O(0;0).

3. Oymkuus 3HAKONOJIOKKTENbHA (Y > 0) B nHTepBasiax (—o00;—1) u
(0; 1); snakoorpunaressia — s (—1;0) u (1; +00).

4. Oyukuus y = i—i—g SABJACTCS HEYEeTHOH, T. K.
—z

~z x
y(-z) = =- = —y(z).
1—(~x2)? 1-2?
Crnenosatresnbao, rpadyK €€ CUMMETPUYEH OTHOCHTENIbHO HAYAJIa KOOPOu-
Har. g noctpoenus rpaduka 10CTATOYHO HCCTIEA0BATh ee npu & > 0.

5. [Ipambie £ = 1 m £ = —1 ABAAIOTCA €e BEPTUKAJIbLHBIME ACHMIITOTA-
Mu. BhissiCHUM HAJIHYMEe HAKJIOHHOM aCHMITOTHI:
T
S . 1
k= lim —— = lim —— =0
z—00 z—o0 1 — 2

(k=0nmpuz —» +oounpu z — —o0),
b= lim (——
z00 1 — 2
CuienoBaresibHO, €CTh TOPU3OHTAJIbHASL ACAMIITOTA, €e ypasHenue y = (.
Hpsmas y = 0 asnserca acumnToTol ¥ Ipn £ — +00, U MPH T — —0O.
6. HaxonuM uHTEpBaJbl BO3pacTaHus u yobiBanus ¢pyuknuu. Tak kax
. T )’__1(1—3:2)—1:(—273)_ z? 4+ 1
yh(l—z2 - (1 —x2)? T (1 —22)?’
10 3y’ > 0 B 06s1acTH onpenesienus, u (pyHKIUA ABJIAETCH BO3PACTAIOMEH Ha,
KayKJOM MHTEPBaJie 00JIaCTH ONpesesieHns.

—0z) = lim ~* =

z—c0 1 — 12

2

.z +1
7. Uccaenyem dbyukumio na skcrpemym. Tak kak y' = m’ TO
KPUTUYECKUMI TOUYKAMY ABJIAIOTCA TOUYKE T1 = 1 u z2 = —1 (y' ne cyume-

CTByer), HO OHM He NPUHANIEXKAT 06acTy onpenesenns Qynkimn. DyHx-
[IMsT 3KCTPEMYMOB HE MMeeT.
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8. Uccnenyem pyrkupio Ha BemmykiocTs. Haxomum y':

w f P2+1 Y 2z(1-2%)% - (2® + 1)2(1 — 2?)(-22) _ 2z(z® + 3)
- (a=m) - (1= 2) T

i |

\ | y= z

i : 1—22
1 1
1 1
] ]
[} i
] ]
1 1

o/ i1 2 z
-1 e

1 1
1 1
1 1
1 1
: )
] 1]
' >0\ y" <0 Yy’ >0\ <0 : i
T R ||
Puc. 159 Puc. 160

Bropas npoussogHas paBHA HYJIIO WM HE CYyMIECTBYET B TOYKAX L] =
=0, x5 = —1, z3 = 1. Ha pucyuke 159 npencrapjeHa cxema U3MEHEHUs
3HAKOB BTOPOI TPOM3BOMHOM UccaenyeMolt pyHKUMM.

Touka 0(0,0) — Touka neperuba rpaduka GyHxuUAH.

Tpacduk BoimykJiniil BBepx Ha unrepsasiax (—1;0) u (1; co); Bemykbi
BHU3 Ha mHTepBaJIax (—oo; —1) u (0;1).

I'paduk pyHrun uzodbpaxken Ha pucynke 160. o

§26. ®OPMVSIA TEANOPA

B onpenenennu dbyukunn y = f(r) He TOBOPUTCA O TOM, IPH [OMOLIH
KAKUX CPEICTB HAXOINATCH 3HAYEHUA ¥ 110 3HAYCHUsAM Z. B Tex cayuadx,
Korma (pyHKIuA spisercs dhopmysioh Buma y = % — 5z 4+ 7, 3HavYeHua
¢dYHKIMU HAWTH JIEMKO ¢ IIOMOIILIO Y€ThIPEX apu(PMETHIECKUX IeHCTBHH.
Ho xak naiiTu 3Ha4enns, Hanpumep, pyHknult ¢y = sinz, y = In(1 + z) upu
JI06BIX (IONMYCTNMBIX) 3HAMEHUSIX apryMeHTa’

Huta Toro, 9ro6bl BEIYHCIATE 3HAYEHNsT naHuol dyHkmuu y = f(z),
€e 3aMeHsAfOT MHOTOWICHOM P, () cTenenu n, 3HAYEHNA KOTOPOTO BCETOA H
Jerko BeiyucasgeMbr. O60cHOBaHME BO3MOXKHOCTH MPEJICTABAATEH (DyHKUUIO
MHOroudjieHoM gaet dpopmysia Teiinopa.
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